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1.1

1.2

1.3

Conservation of Mass

Conservation of mass is a fundamental tenet of classical mechanics.

In this chapter, we review the classical theory of currents and densities. We
then use this theory to establish the continuity equation for conserved and for
non-conserved quantities, and interpret the results physically. Lastly, we apply
the theory to the description of conservation of mass in the fluid continuum. In
later chapters, we also apply the theory developed here to the description of the

conservation of energy, momentum, and angular momentum in fluids.

Continuity Equation for Mass

dp L
a#—v-(pu)—o

Alternative Forms of the Continuity Equation
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Incompressibility
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Fluids can be broadly divided into two cate3gories: liquids, and gases. Gases
are highly compressible and their density depends on how much matter has



Conservation of Mass

been compressed into the volume that they currently occupy. Density in gas
flows can vary greatly from point to point in the gas. In contrast, fluids are
extremely difficult to compress. It can be done, but huge pressures are required
to achieve minute changes of volume. The volume of a given mass of gas is also
sensitive to temperature changes, with the volume increasing with increasing
temperature. However, these changes of volume are generally very small. Thus,
to good approximation, the density of liquids may be regarded as constant.
Strangely, the density of gases which are moving at speeds much less than the
speed of sound in the gas may also be regarded as constant. For the density in
a gas to change, one would require its density gradient to be large, and thus can
only happen if the gas is travelling at near to the speed of sound.

*HAk (Make this clearer!)****

It is therefore common to approximate many flows by modelling them as in-
compressible.

We have seen in our study of fluid kinematics that the rate at which a fluid
element is being compressed is given by

1 dV .

f = lim = V-4 (1.6)

V=0 V E

This result is consistent with the continuity equation derived above, and could

have been derived from it. The mass dm of a fluid element is constant, so dividing

V by this mass and taking the limit as the fluid element is made vanishingly small
yields the specific volume v of the fluid element. Thus,

1 dv . om d(V/om) 1 dv

— lim 2" -2

9Z&§0Vﬁ vglo Vv dt vdt:v.v

Then using the fact that v = 1/p we get,

_Lldv_ _1ldp
v dt p dt
Combining, this gives
1 dp
_ P _v.g
p dt v

which is the continuity equation.

We can now state clearly what we mean by saying that a fluid is incompressible.
Consider some given fluid element. The element is said to be incompressible if,
as it flows, it does not change its volume. Thus, incompressibility means that

V-7=0
In turn, through the continuity equation, this also means that
1d
1dp _,
p dt

that is, it does not change its density as it moves.
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It is important to understand that this, by itself, does not mean that the den-
sity p of the fluid is constant. It only means that the density of the given fluid
element remains constant as it moves. Some fluids may be like your mother’s
gravy: lumpy. That is, at any given time, the density of the fluid changes from
position to position. As it moves, the lumps move with it. If the fluid is incom-
pressible, the density of any portion of this lumpy fluid does not change as it
moves. This constancy of the density of the fluid lumps is also described by the
condition that V- v = 0.

The origin of lumps in gravy is an inhomogeneity in the chemical composition
of the fluid at the initial instant. In this course, we deal only with fluids of
homogeneous chemical composition. These are described by the condition that
p = constant. From the equation of continuity, if the fluid has uniform density
initially, and the fluid is incompressible, then the density of the fluid is constant.
For us, therefore, an incompressible fluid will mean, unless otherwise stated, a
fluid with

p = constant (1.8)
Note that this is a stronger condition than V - ' = 0. Clearly,
p = constant = V-0 =0

but not conversely. Fluids of constant density are thus a special case of incom-
pressible fluids. The general case is your mother’s gravy.

It should be noted that a fluid need not be incompressible in order for its
flow to behave as if it were incompressible. For a compressible fluid to have
different densities at different points, it is necessary to have different pressures at
different points. Pressure inhomogeneities which are not balanced by other forces,
like gravity, drive mechanical motions in the fluid whose natural tendency is to
eliminate the gradients, except insofar as they are needed to balance other forces.
Pressure inhomogeneities propagate through the fluid at the speed of sound. So,
if the fluid is flowing at speeds considerably less than the speed of sound, these
disturbances, if present, will disappear rapidly, and the density variations with
them. So, unless the fluid motions are at speed comparable to the speed of sound,
the fluid can be considered to be incompressible. In this case, we say that the
flow is incompressible, even though technically the fluid is not.

*** improve this section: Tritton ***



2.1

Equation of Motion

The equations of motion for a fluid can be expressed in a variety of different
forms. The form one chooses depends on what effects one wishes to describe,
and on what specialised assumptions one makes. However, all of the different
forms are special cases of a single, general form of the equations of motion and
can be obtained from it.

In this chapter, I first construct the equation of motion in its most general
form. I then deduce from the the most common of the specialised forms that one
encounters, stating explicitly what additional assumptions have gone into their
construction.

General Form

The equations of motion for a fluid are obtained by applying Newton’s second
law of motion to an infinitesimally small element of fluid. This requires us to
determine what forces act on the element, and then use Newton second law to
determine its acceleration.

This is not the only way to obtain the equations of motion, but it is the most
direct. An alternative route uses the principle of the conservation of momentum.
This yields a continuity equation for the fluid momentum. Taken together with
the equation for the conservation of mass, the momentum continuity equation is
equivalent to the equation of motion that we will derive here.

An ordinary fluid is subject to only two forces which act on it. These are
the contact force exerted on it by contact with the surrounding fluid or solid
boundaries, and the gravitational force. In some more specialised studies, other
forces may also act on the fluid. For example, if the fluid consists of charged
particles and moves in an electromagnetic field, then the fluid will experience also
an electromagnetic force which must be added into the equations of motion. This
leads to a specialised branch of fluid mechanics, called magnetohydrodynamics.
It is a difficult subject, because of the peculiar nature of electromagnetic forces,
and is best studied as a special topic. Another example is that of a fluid in which
energy is transported by radiation. The interaction of the fluid material with a
radiation field produces a radiation force, which must be taken into account in
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the equations of motion. This too is a specialised study, and is best left to a
chapter devoted to the investigation of these effects.

In this chapter, therefore, we will assume that the fluid is subject to only two
forces: contact forces arising from its contact with the surrounding fluid and
boundaries, and the force of gravity. At this stage, we assume nothing about
the nature of the contact forces. We therefore describe them by a general stress
tensor o™ . The various specialised forms of the equations of motion all arise as
we make different assumptions about the precise form of ¢%.

Consider a small element of fluid. The fluid element consists of a fixed number
of fluid points and is easily defined by specifying a small domain in the La-
grangian coordinate system for the fluid. Since this domain is well defined, we
can use it to track the motion of the fluid element through space as the fluid
moves. The element is thus a perfectly well defined entity in the theory.

Because we have imposed on the fluid the requirement of mass conservation,
the fluid element has a fixed mass dm as it moves. Suppose that at time ¢ it
occupies a volume 6V in space. Then dm = p §V. The total contact force acting
on this fluid element is given by

0 Fcontact = ajaij oV
while the total gravitational force on the element is given by
SF!

gravitational

=ém ¢
By Newton’s second law, the sum of these forces must equal the mass of the
element multiplied by its acceleration. Thus,
Dyt
Dt

_ %
- 5Fcontact + 6Fgravitational

= (%-Jij SV 4 om g'

om

Inserting the expression for §m and cancelling the common factor §V, this gives

Do’ ij i
P 5y =050 +pg (2.1)
or, equivalently, with the acceleration written out in full,
o' . g .
’ < o “kak“z) = 0;0 + pg' (2.2)

These are the equations of motion for the fluid written out in their most general
form. Sone authors add a force per unit mass, f?, to the right hand side to
indicate explicitly that any other forces that have not been mentioned explicitly
can be added into the equations. They thus write these equations as,

vt _ g _ _
p ( 8vt + “kafﬂf) = 00" +pg" +pf* (2:3)

where the factor p in front of f? is needed to convert a force per unit mass into
a force per unit volume, to match the remaining terms on the right hand side.
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Other authors prefer to work directly in terms of force per unit mass, which is
more natural. This is accomplished by removing the factor p from all terms in
the equation, to get

vt
ot

1 S
+ vF o0t = P 0;0 +¢*+ f* (2.4)

However, all of these forms are trivial reorganisations of the fundamental equa-
tion, which is

Dot . ) ) .
P quf = 0,0 + pg' + pf’ Equations
of Motion

The general equation for fluids derived in the previous section contains 13 un-
known fields. They are the three components of the fluid velocity v*, the fluid
density p, the nine components of the stress tensor ¢*. In many problems, the
components g° of the gravitational field and the three components f* of any
additional external force that acts on the fluid are regarded as known. If they
are dynamical participants in the motion of the fluid, affected by how the fluid
moves, then these are 6 more unknowns for which we shall need to solve, bringing
the total of unknown fields up to 19. So far, we have only for equations for them,
three components of the equation of motion and the continuity equation for mass.
It is clear that we will need to search for more equations. We will obtain some of
these equations from dynamical principles, like the conservation of energy and
of angular momentum. For the remaining equations, we will need to consider the
properties of the fluid material. Some of these equations are fundamental, such
as the equation of state and the heat equation for the material, and the laws of
radiation. Others are semi-empirical and take the form of constitutive relations,
like the relationship between stress and strain-rates, heat conduction, diffusion,
and so on.
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2.2 Conservation of Momentum 9

Conservation of Momentum
Conservation of Energy
Conservation of Angular Momentum
Newtonian Fluids

Euler’s Equations

To construct Euler’s equations, we assume that the fluid is free from friction.
The most general form for the stress tensor for a fluid is,
o = —P§ 4 7t

where the tensor 7/ represents the action of viscosity on the fluid. To say that
the fluid is free from friction is to say that 7% = 0. Thus, the stress tensor
becomes

o = _p§i
and hence
8jo—ij = 8j(—P5ij) = —(8jp)6ij = —8iP

The equation of motion thus becomes,

o' , , . )
p ((‘% + vkakvz> =—-0'"P+pg*+pf’ (2.5)
Commonly, these equations are written in vector notation, giving
ov - . 7
p\gp H(@-V)T) =-VP+pj+pf (2.6)
or, equivalently,
ov 1 >
il 7 Vi=—-—-VP+g 2.
atJr(fu )T p +g+f (2.7)

Of course, no real fluid is free from the action of viscosity. A fluid with no
viscosity exists only in our minds, as an idea, and has no reality. For this reason,
such fluids are said to be ideal, and Euler’s equations are thus said to be the
equations of motion for an ideal fluid.

Note that we have not here defined an ideal fluid. We have simply noted that,
if a fluid is ideal, then it must obey Euler’s equations. In a later chapter, we will
consider more carefully what properties are needed to define an ideal fluid, and
we will give a precise definition of this concept.

Though all real fluids are viscous, their motions are influenced by the action of
viscosity in different degrees under different circumstances. In some situations,
the effects of viscosity are negligible when compared to the action of the other
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Equation of Motion

forces like pressure or gravity. In these situations, Euler’s equations are a good
approximation to the correct equations of motion and we can treat the fluid as
if it were ideal. In most flows, the action of viscosity becomes important only
near solid boundaries, where velocity gradients are significant,, but behave like
ideal fluids away from the boundaries. This fact has given rise to a specialised
study called boundary layer theory, in which the effects of viscosity are taken into
account only in the vicinity of the boundaries, and ignored in the regions away
from the boundaries. The solutions for the different regions are then matched at
the interface. This technique gives a good description of the effects of viscosity
in very many situations of practical interest.

The fact that in many flows the effects of viscosity are negligible, and the
success of boundary layer theory, means that Euler’s equations are not merely an
academic abstraction with no practical use. Their study thus forms an important
part of fluid mechanics.

Navier-Stokes Equations

The most general form of the viscous stress tensor for isotropic Newtonian fluids
is given by

2
7Tij =W <8¢’Uj + 8jUZ‘ - g 5,-j(V . 17)) + /\5”(V . ’U) (28)

where p is the coefficient of viscosity, and A the coefficient of bulk viscosity. In
their original work, both Navier and Stokes assumed,

e The density of the fluid is constant. This is a very good approximation for
liquids. an immediate consequence of this assumption is that V -7 = 0.

e The viscosity p is constant.
These two assumptions give,
mij = 1 (Oivj + 0jv;) (2.9)
and hence
oyl = V3’ (2.10)

The equations of motion then become,

P (;t + vk(?kvz> = —0'P + uV*i + pg' + pft (2.11)

or, in vector form,

o .
P (E;; + (v V)ﬁ) = —VP+uV?0+pj+ pf (2.12)
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This equation is most commonly expressed in the form,

ov 1 .

E—i—(ﬁV)ﬁ:—fVP—i-uVQU—f—g*—kf (2.13)
p

These are the Navier-Stokes equations in their original form. Most authors, when

referring to the Navier-Stokes equations, have these equations in mind. Note that,

with the above assumptions, both p and p are constants. Their ratio,

v=" (2.14)

p
is thus also a constant. Since p and p are properties of the fluid material, so also
is v, called the kinematic viscosity of the fluid.

The Navier-Stokes equations look very similar to the Euler equations. The only
difference between them is the additional term V2%#. As mathematical entities,
however, these equations are very different. The presence of second derivatives
with respect to the space variables in the Navier-Stokes equations alters radically
the boundary conditions that need to be specified in order to define unique
solutions, and dramatically changes also the mathematical techniques that need
to be used to solve them. The new term is therefore not a minor modification
of the equations. The Euler and the Navier-Stokes equations therefore require
separate study and must be regarded as distinct chapters in the theory of fluid
dynamics.

More General Equations of Motion

We obtain the most general form of the equations of motion for isotropic New-
tonian fluids by removing the special assumptions made by Navier and Stokes.
This means that we must use the viscous stress tensor for isotropic Newtonian
fluids in its most general form, making no assumptions about either the fluid
density or the coefficients of viscosity. This gives, for the stress tensor,

9w = 0; {u (aw' + 07— ; §7(V - ﬁ))} +079; MV - 7)]
=0; [ (0 + &v)] + & KA - % u) (V- 17)}

The equations of motion then become,

p <881; + vkﬁkvi) =-0'P+0; [u (3in + 6jvi)]

+0' KA - % u) (V- 17)} +pg' +pf (215

This is the most general equation of motion for an isotropic Newtonian fluid.
A common specialisation of this equation assumes that the viscosities p and
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2.9

Equation of Motion

A are constants. Then,

oy = 1[0 (97 + ') ( - ) (V-9
% 2,0 2 —
= [0(V - 0) + V'] g h 'V - 7)

2,4 1 rd

= uVe' + )\+3u V - 9)

so that the equation of motion becomes,

v A , 1 ‘ A ,
<8t + vF O > =—0'P+ V' + (A +3 u) 9"(V - 0) + pg" + pf*

or,

] 1
il +(0-V)T = - VP + uV2o+

1w ~ -
9 <)\+3 p) V(V-0)+gd+ f(2.16)

=

Non-Newtonian Fluids

The above catalogue of equations exhausts the equations that are possible for
Newtonian fluids. The Newtonian assumption is that the viscous stress tensor is
a linear function of the rate of strain tensor. Many real fluids do not have the
Newtonian property. Those that do not are called non-Newtonian.

In a non-Newtonian fluid, the relation between the shear stress and the strain
rate is not linear homogeneous, and can even be time-dependent. The general
form of the stress-rate of strain relationships of some important types of non-
Newtonian fluids are shown in Figure 2.1. Examples of non-Newtonian fluids

Pseudoplastic Fluid

Dilatant Fluid

Shear stress,

Shear Rate, k

Figure 2.1 Typical stress-rate of strain curves for some important types of
non-Newtonian fluids.
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include polymer solutions, molten polymers and many common fluids such as

gravy, paint, detergents and human blood.

Non-Newtonian fluids do not lend themselves to the elegant and precise meth-
ods analysis developed for Newtonian fluids. They can nevertheless be modelled
within the framework of the general equation of motion introduced in the first
section of this Chapter. Successful modelling of their properties reduces in essence
to finding a relationship between stress and rate of strain that adequately repro-

duces their properties.

Summary

General Equation of motion

Euler’s Equation

Navier-Stokes Equation

Newtonian Fluid (Const. A, u)

General Newtonian Fluid

ov

ot
ov

ot

ov

ot
ov

ot

o

+ (7 V)T

+(7-V)F

ot
ot

1 By , ,
+ (V)T =~ 007 + g+ f

1 -
;VP+§+f

1 o
—;VP+1/V217+ g+f

1
+(T-V)F=—- VP + Ev2y

p

1 1 "
+; (A+3u>V(v-ﬁ)+§+f

+ ’Ukakvi> =-9'P+ 0; [,u (5‘in + 3jvi)}

Lo K,\_ 2 u) (V~ﬁ)] +pg' +pf!

3




3.1

Energy Equation

Work-Energy Theorem

Newton’s second law applied to an infinitesimal element of fluid leads to the
equations of motion for the fluid, given by

P v pX* 4 Oyt (3.1)

Dt

This equation describes the action on the fluid element of the forces that are
acting on it. X is the total force per unit mass exerted by an external force field
on the fluid element, so p)? is the total force per unit volume exerted on the
element by this field. Also 97" is the total force per unit volume exerted on
the element by the adjacent fluid through contact. The right hand side therefore
represents the total force per unit volume acting on the element. The left hand
side is the mass per unit volume of the element, multiplied by its acceleration.
Equation (3.1) is therefore Newton’s second law for fluids.

When applied to point particles, Newton’s second law leads by necessary con-
sequence to the work-energy theorem. This theorem states that the power de-
livered to the particle by the impressed forces is equal to the rate of increase of
its kinetic energy. We now use equation (3.1) to deduce an analogous result for
fluids.

The power per unit mass delivered by the external force field X toa given fluid
element is given by X - 4. The power per unit volume delivered by the applied

forces to the fluid is therefore p)? - . This fact suggests that we can obtain a
work-energy theorem by taking the dot product of equation (3.1) with the fluid
velocity field . This gives,

Du?
Dt
Using the product rule of differentiation, this equation can be written as

pU; = pu; X' + w; O™ (3.2)

P Di\2

Consider now a finite fluid element of volume V and with boundary surface S
as it moves with the fluid. Integrating (3.3) over the volume V', we get

D /1 ) ) ) )
/ p— | = wu ) dV = / pu; X' dV —|—/ O (uyT ) dV —/ T Ou; BA)
v Dt \2 v v v

D /1 ) ) ) .
( uiu’) = pu; X' + ak(unk’) — 7R, (3.3)
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The integral on the left hand side can be rewritten by noting that the mass
dm = p dV of an infinitesimal fluid element does not change with time as it
moves, so that

D avy=o (3.5)

(dm) = Dt

D
Dt
and hence

D (1 D (1 4 D 1 .
A cwt)av=[ Z=(zpuniadV)== [ = puwu' dV(3.6
/V”Dt<2““) /VDt(zp““ ) Dt J, 2 V3.6)

The second integral on the right-hand side of (3.4) can be converted into a surface
integral by the divergence theorem,

/ ak(unki) dV = f w; TR dS) (3.7)
1% s
so that (3.4) becomes
D 1 i i ki ki
— = puzu’ dV = pu; X' dV + w; T dSy, — 7% Oku; dV (3.8)
Dt Jy 2 v s v

The integral on the left-hand side of this equation is the total kinetic energy of
the finite fluid element at any instant ¢. The derivative D/Dt of this integral is
therefore the rate of increase of kinetic energy of the fluid element as it moves
under the action of the impressed forces. Equation (3.8) is therefore the work-
energy theorem for the finite fluid element. To understand its content, we need
to interpret the terms occurring on the right hand side.

The first two terms are easy to interpret. Since pu;X* is the power delivered
per unit volume by the force fields to the fluid, we have

/ i Total power delivered by the force fields
pu; X' dV = . .
v to the finite fluid element

Similarly, in the second integral, %% dS) is the force exerted on the element
of area dSj of the boundary surface of the fluid element through contact with
the surrounding fluid. Thus, u;7%* dS} is the power delivered to the element
by the surrounding fluid by virtue of its contact with the element of area dSj.
Integrating over the entire boundary surface of the finite element, we obtain the
total power delivered to the element by the surrounding fluid through contact,

ki Total power delivered by surrounding fluid
u; T dSy = . .
g to the finite fluid element through contact

Were the fluid element a point particle, all of the delivered power would con-
tribute to the increase of its kinetic energy and there would be no other term
present in the equation. However, the element is not a point particle. A fluid
is made up of an huge number of microscopic particles, each with its own de-
grees of freedom. The fluid element thus has internal structure and possesses a
multitude of internal microscopic degrees of as well as its macroscopic degrees
of freedom. Each internal degree of freedom is able to accept or reject energy.
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The fluid element is therefore a thermodynamic system. The power delivered to
the element therefore need not all be used to increase its kinetic energy. Part
of it may be channelled into raising the internal energy of the element and in
compressing it. The last integral therefore represents the action of the applied
forces in compression of the element and in raising its internal energy,

Total power delivered by the action of applied
/ 78 0u; dV = { and contact forces, used to compress the finite
v fluid element and to increase its internal energy

It should be remembered that this term represents only the contribution to the
internal energy of the element by the action of the applied forces. There are
other mechanisms for increasing its internal energy, including the influx of heat
by conduction, the deposition of heat by radiation, and the generation of heat
by chemical and nuclear reactions.

To see in detail the significance of this last term, we need to make use of
the constitutive relation that relates the fluid stresses to its rate of strain. In a
Newtonian fluid, this is given by

Tij = (=p + A0)dij + pes; (3.9)
Here, 6 and e;; are abbreviations for

6=V i (3.10)
eij = (%Uj + @-ui (311)

and represent the volumetric strain rate (rate of change of volume of the convect-
ing element per unit volume), and the total strain rate. Also, p is the pressure
corresponding to the local density and temperature. This is the thermodynamic
pressure, or hydrostatic pressure. It is the only pressure present when the fluid
is at rest and is due to the random motions of the molecules that make up the
fluid. When the fluid is in motion, there is an additional contribution to the
normal stress on the surface of the fluid element due to the motion. Though
sometimes called a ‘pressure’ because it is a contribution to the normal stress on
the surface of the fluid element, it is not related to the internal state of the fluid
material, and so cannot be counted as a part of the thermodynamic pressure due
to the internal constitution of the fluid material. (Is this assertion correct???)
The quantities A and g are physical properties of the fluid. This means that
their values are independent of the state of motion of the fluid and depend only
on the thermodynamic state of the fluid element. Some books state that they
are “physical constants”, but this may be a misrepresentation since they might
be functions of the density and temperature of the element. (Is this assertion
correct???)

Using the constitutive relation (3.9), the integrand of the last integral in (3.8)
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becomes
T 0ku; = [(—p + A0)" + pet’] Opu;
= (—p + N0) (0% Opur) + pe* Opu;
= (—p+ \0)0 + pe* Opu;
This last term can be rewritten using the symmetry of e** in the form
e o, = % eki(ﬁkui + Jiug) = % e
Explicitly,

" Ou; = (e11)” + (e22)” + (es3) + (e12)” + (e23)” + (e31)”

which is seen to be positive definite. So,
) 1 ]
RO, = —p 0 + N\0% + iu Mo (3.12)

and hence

) 1 )
/ TR Opu; dV = —/ p0dV +/ (w? + - e’“eki> av
v v v 2

The physical significance of the first term on the right hand side is easily recog-
nised. Its integrand, —p 6 is the rate per unit volume at which work is done by
the forces on an infinitesimal fluid element compress it,

1 doév { Rate of doing work on an infinitesimal

v P Ta fluid element of volume dV to compress it

so that

Rate of doing work on the finite fluid
— pOdV = .
% element of volume V' to expand it

The remaining integral is positive definite, and vanishes when the relative motion
between adjacent fluid elements vanishes, that is, when e;; = O;u; + 9ju; = 0
(from which it also follows that # = 0). is meaning is seen by rewriting the work
energy theorem in the form,

/ pu; X' dV +% u; T dSy = DK 7/ pOdv +/ (A02 + lu ekiem>3d1/3>)
v s Dt v v 2

where
1 .
K :/ — pusu’ dV
V 2

is the total kinetic energy of the finite fluid element. The left-hand side of equa-
tion (3.13) now represents the total power delivered by the external force fields
and the contact forces to the fluid element. This power is used for three things,
as indicated by the presence of three terms on the right-hand side. The first two
terms are, respectively, the power needed to increase the total kinetic energy of
the fluid element, and the power needed to compress it. The final term, which
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is always positive (or zero when the fluid is not strained), must therefore repre-
sent the rate at which mechanical energy is dissipated in, or lost from, the fluid
element. Together, the energy of compression and the energy dissipated, consti-
tute the energy that goes into raising the internal energy of the fluid element.
Therefore, from the point of view of the thermodynamics of the fluid element,
the dissipation of mechanical energy from the element has the same effect as an
irreversible flow of heat into the element.

The work energy theorem (3.13) appears in the literature in a variety of equiv-
alent forms, all of them based on the following ways of rewriting its various terms.
First, we note that fundamental force fields are all conservative, and so can be
written in terms of a potential per unit mass. We thus write

X'= -0 (3.14)
This means that
/ pu; X" dV = f/ pui0te dV (3.15)
v %
In many cases of interest, the force fields are time-independent and hence
9¢
— =0
ot
Hence,
D¢y 06 | o
Dt ot +u'0;¢ = u'0;¢
so that (3.15) becomes
. D¢ D D
X dV = — —dV = — — V)= —— dv3.16
/Vpuz P Di /‘/Dt(/ﬂzS ) Dt/vp¢(/3 )

The integral on the right-hand side is easily interpreted: it is the total potential
energy of the finite fluid element in the force fields, that is, the total amount of
energy needed to assemble the fluid element in the given force fields,

total potential energy of the finite
P = =
/V po dv { fluid element in the force fields

With this notation, (3.13) becomes

_ D L ki
f u; " dS, = — (K + P) —/ p 0O dV +/ <A92 +toH ekleki> AV(3.17)
S Dt v v 2

We now define the configurational energy I of the fluid element. This is the total
energy ‘locked up’ in the fluid element by virtue of its configuration, measured
relative to some standard reference configuration. Then, the rate of change of
configurational energy as the fluid element moves with the fluid is given by

DI total power delivered to the finite
— = p6dV = . . .
Dt v fluid element to change its configuration
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Denote the integrand of the final integral by ®. Thus,
2 L
D = \0° + 5” eer:
1
= 0% + 5#[(611)2 + (e22)? + (e33)? + (e12)® + (e23)” + (e31)’]

With these notations, (3.17) becomes, for fluids moving time-independent force
fields,

. D
j‘{ wrtasy = Lk s Py + / bV (3.18)
g Dt v

Note that, if the force fields are explicitly time-dependent, the above expression
for P is incorrect and must be suitably modified.
In the special case where the fluid expands isotropically, we have

e11 = e = e33 = e say, and e;; # 0 for i # j (3.19)
Then,

e (3.20)

N w

1
0=V -u= 5(611+€22+€33) =
so that

1
D =A%+ 5/,6[362]
3 (2\°
=A%+ 220
A +2u(3)

2
= (A+Zu)0?
()

In this case, the fluid element suffers no shear deformation and only undergoes
volumetric expansion with time. For this reason, the quantity

2
)\ —
+3u

is often called the volume wviscosity, or the bulk viscosity.
If the fluid is incompressible, then § = V - @ = 0, and so

1 .
o= 3 pee;;
Energy Continuity Equation
The results of the previous section can be understood from a different point of

view. Instead of considering the power delivered by the forces to a given element
of fluid as it convects, we consider instead how the energy of the fluid filling
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a fixed volume in space changes with time. For this, we write the equations of
motion in the form

ou’ e Oul - ki
= pX"'+ O™ 3.1
p(at” aﬂ) pAT T OkT (3:-1)
Now take the dot product of this equation with the fluid velocity,
PU; 5871; + pukui % = pu; X' + w; O (3.2)

We now rewrite this equation in the form of a continuity equation. The left hand
side becomes, using the continuity equation,

O (w0 (@ _0 (W _udp O ujk_uji(k)
Paot\2) P ok \2 ) ot \"2 2 ot "ok \P 2 2 oxk VY

9 [ u? u?
“5i(73) v (05 )

9 ( u? w o i ki
g <p2) +V- <p - U ) = pu; X" + u;OpT (3.3)

This result is in the form of a continuity equation. The quantity

so that,

’LL2

PKE = P )

is the kinetic energy per unit volume of the fluid, that is, the density of kinetic
energy of the fluid. The equation thus identifies the quantity

u?
2
as corresponding kinetic energy current density. The kinetic energy of the fluid
thus convects with the fluid with velocity w, as expected. The terms on the right
represent the source of the fluid’s kinetic energy. Kinetic energy is created in
the fluid by the action of the external force field X at a rate of pu; X' per unit
volume, and by the contact forces on the fluid element at a rate of u;0, 7" per

JKE = pKkEU = p U

unit volume. The continuity equation (3.3) is therefore an alternative statement
of the work energy theorem, seen from the point of view of a fluid-filled volume
element that is fixed in space, rather than one that convects with the fluid.

If the external force field has a potential ¢, that is, if

X =-Vo (3.4)

then, using the continuity equation,

) . . . ) 0 - 0
pu; X' = —pu'0;p = —0;(ppu’) + ¢p0;(pu') = —;(pdu’) — o”Ti = —0;(pgu') — Q(Péﬁ)

Putting this result into the continuity equation gives,
2

9 2 ) ,
ot (pu2 + p¢> +V- [(p % + qu) uk:| =—p g + uz-o”'kr’” (3.5)

_ ¢
P o
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This too has the form of a continuity equation, with density

u2
PME = P + po

which we can interpret as the density of mechanical energy of the fluid, that is,
the sum of kinetic and potential energy density of the fluid. The current-density
of mechanical energy in the fluid is therefore

- ’u,2

JME = puEU = (02 + P¢> U
The sources of mechanical energy in the fluid are given by the terms on the right

hand side. In the common special case where the external field does not change
with time, 9¢/0t = 0, and then

) 2 2 ,
5% (p“2 + p¢> +V- Kp % + p¢> u’“} = u;Op " (3.6)

As in the previous section, for Newtonian fluids, the right hand side can be
expressed in the form

;O™ = O (ui T — TMOpu; = O (i) +p 0 — NO* — e Ml

so that
9 2 2 . 1 :
5 (puz + p¢> +V- Kp % + p¢> u’“] = O(wiT™) +p 0 = N0 — Spu "R

The source of fluid mechanical energy is thus seen to consist of four contributions,
represented by the four terms on the right hand side. The first term Oy, (u;7*?)
is the rate per unit volume at which the surface stresses deliver energy to the
fixed volume element. The second, p 6, is the rate per unit volume at which the
compressive stresses deliver energy to the volume. The remaining two terms are
always negative, and represent a drain of mechanical energy from the fluid. The
term A@2 is the rate per unit volume at which mechanical energy is dissipated
from the fluid by bulk friction as the fluid expands or contracts, while pekiey;
is the rate per unit volume at which mechanical energy is dissipated from the
fluid by fluid shearing. As we shall see in a later section, in both cases the fluid
mechanical energy is being converted into internal energy of the fluid.
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The Need for an Energy Equation

The work-energy theorem describes how the kinetic energy of a fluid changes
with time under the action of both external forces and of internal stresses. How-
ever, fluids do not only possess kinetic energy. The fluid material has internal
structure and is therefore able to absorb energy into, and to expel it from, both
its macroscopic configurational degrees of freedom and its microscopic internal
degrees of freedom. This means that more energy processes can occur inside a
fluid than those which are described by the work-energy theorem. These pro-
cesses include, among others, heat conduction, deposition of heat by radiation,
and the generation or depletion of heat by chemical and nuclear reactions and
by changes of state such as ionisation.

These additional energy processes are not described by the fluid equations
developed so far. The equations of motion, whether Euler’s or the Navier-Stokes
equations, treat the fluid elements as if they were point particles and ignore
the fact that each element is a thermodynamic system in its own right. They
processes that we now want to describe involve new physics that is not described
by the equations considered thus far. We therefore require new equations to
describe them.

In this chapter, we will set up an energy equation for the fluid. Essentially, this
requires us to identify the energy processes that occur in the fluid of interest,
write down the equations that govern these processes, and then construct an
equation from them that reflects the principle of the conservation of energy for
the system.

The energy equation for a system is not general. It is specific to the system
being modelled. It will depend on the particular physical characteristics of the
fluid material, and the processes that the material is likely to undergo. Different
systems require different energy equations.

The energy equation that we will construct assumes that the fluid material,
whether liquid or gas, is homogeneous in chemical composition and that this
composition does not change in time through chemical reactions or other reac-
tions. We also assume that the only energy processes that are taking place are
the deposition and extraction of energy through work done by external forces
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and internal stresses, and the conduction of heat from one part of the fluid to
another.

Construction of the Energy Equation

In this section, we will consider the energy contained in the fluid occupying a
given volume V that is fixed in space. Denote its boundary surface by S. Divide
this fixed volume into a large number of fixed volume elements of size V. The
total energy contained in one such element is then given by the sum of its kinetic
and internal energies. Denote its internal energy per unit mass by ¢. Then the
total internal energy of an element with volume §V is given by

dEinternal = € om = PE 1% (41)

Similarly, its total kinetic energy is given by
dFEinetic = % om v? = % pv? 6V (4.2)

The total energy of the fixed element is then
dE = dExinetic + dEinternal = <; pv® + P5) oV (4.3)

The total energy contained in the fixed volume V' is therefore

E:/V dE:/V <; pv2+ps) dv (4.4)

The total energy contained in the volume V will change with time due to the
energy and other processes taking place in the fluid. First, the fluid is not static.
Fluid is both entering and leaving the volume V' through the surface S, thereby
transporting internal energy through V. Second, the action of both external force
fields and of contact forces on the fluid will alter its kinetic and internal energies.
Last, energy will be transported through the fluid by conduction. All of these
processes will act to change the total energy of the fluid contained in the fixed
volume V with time. We may therefore write, by the principle of the conservation
of energy, the rate at which the energy of the fluid in volume V increases is given
by

dE

dt = Pexternal forces T Pcontact forces T Pconduction + Pconvection (45)

where

Proxternal forces = Power delivered to fluid in V' by external force fields
Peontact forces = Power delivered to fluid in V' by contact forces
Pe.onduction = Power delivered to fluid in V' by conduction of heat

P.onvection = Power delivered to fluid in V' by convection
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We now find explicit expressions for the various powers listed above.

Consider first the action of the external force fields on the fluid. These act
individually on each element of the fluid in the fixed volume V', so we must
consider the power delivered to each element of fluid and sum these to calculate
the total power delivered by these forces to the fluid in V. Denote the sum of
all forces per unit mass due to external force fields on the fluid by X. Then the
total force acting on a fixed element of volume 0V is given by

6F = X dm = pX 6V (4.6)
The power delivered to this element by the external forces is therefore
§F - T=pX -8V (4.7)

and the total power delivered by the external forces to the fluid in the fixed
volume V is

Pexternalforces = / dﬁ U= / p)z - dV (48)
\%4 \%4

Consider next the action of the contact forces on the volume V. These forces
act only at the surface of the volume V', so we subdivide the surface S into
elements 65 of surface. Then the total contact force exerted on this element of
surface is

SF' =171958; (4.9)
and the power delivered to the fluid in V by contact with this element of surface
is given by

5Fi11i = ’UiTij(SSj (410)

The total power delivered by contact to the fluid in V' is therefore

Peontact forces = % ’UiTij de (411)
S

The right hand side can be converted to a volume integral using the divergence
theorem. This gives

Pcontact forces = / aj (UiTij) av (412)
\4

Now consider the rate at which energy is delivered to the fluid in V' by con-
duction. Heat enters the volume V through the surface S. According to Fourier’s
Law, the heat current density at any point is given by

Jo=—k VT (4.13)

where k is the coefficient of heat conduction of the material. Note that k is a
property of the material and, like all material properties, can be expected to
depend on the thermodynamic state of the material. In principle, therefore, we
expect k to be a function of p and T'. In many materials, the dependence of k£ on
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p and T is very weak, and so k can be considered to be a constant. The rate of
heat energy transfer across an element of surface 45 in the direction of the unit
normal 7 to the surface is given by

6Q =Jg- 65 =—k VT -65 (4.14)

Hence the rate at which heat energy flows out of the volume V' is given by
Q= ]{ —k VT -dS (4.15)
S
Therefore the power delivered to the fluid in V is given by

Pconduction = f k VT - dg (416)
S

or, using the divergence theorem,
Pconduction = / V. (k VT) dav (417)
1%

Finally, consider the rate at which energy is delivered to the fluid in volume V'
by the motion of the fluid itself. This energy transport is the result of the motion
of the fluid through the surface S, and is due to the fact that the fluid carries
its kinetic and internal energy with it. Thus, the fluid leaving the volume V at
any instant is depleting the total energy in V. Similarly, fluid flowing into V is
increasing it. The total energy per unit volume of the fluid is given by

1
PE =35 pv? + pe (4.18)

this energy is transported at each point of the fluid at the fluid velocity at that
point. The energy current density of the fluid, due to the motion of the fluid, is
therefore

- 1
Jg = ppv = 3 pv2T + peti (4.19)

The rate at which this energy is transported across an element of surface 65 in
the direction of the unit normal 7 to the surface is given by

L 1 -
0F =Jg-465 = (2 P37 + psﬁ) =08 (4.20)

Therefore the rate at which energy is leaving the volume V as the fluid moves is
given by

. o R 1 R
E= ?{ Jg - dS :]{ ( P2 + p517> -dS (4.21)
S S 2

The rate at which energy is entering the volume V is therefore

1 o
Pconvection = _% (2 pv217+ p&U) -dS (4.22)
S
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Using the divergence theorem, we get

1
Peonvection = _/ V- (2 pU217+ p€17> dVv (423)
14

We now assemble all of these terms into the energy equation. Each of these
processes contributes to the rate of increase of the total energy in the fixed
volume V. The total energy in V is

1
E= / ( pv? + ps) av (4.24)
v \2

Since the volume V is fized in space, the rate of increase of this energy is given

by
dE  d 1, [ o(1 4
dt_dt/v<2pv +p€)dv_/vat<2pv +p€>dv

and hence,

1 = - — 1 —
/g — pv? + pe de/pX-ﬁdV—l—j{viT” de—ka:VT-dS—]{ — pU*T + pet ) (4d%)
v Ot \2 v g S s \2

This is the heat equation in integral form. We can deduce from it an equation
in differential form if we convert all surface integrals into volume integrals using
the divergence theorem, and then equate the integrands. This gives

9 (1 4 i ij Loy j

n (2 pve + pe) =pu; X'+ 0;(v; V) + V- (k VT) — 0; (2 pvv! + p5b(34)26)

Inspection of this equation shows that several terms on the right-hand side
are terms that appear also in the work-energy theorem derived previously. The
left hand side contains the time derivative of the kinetic energy density, which
is the rate of increase of kinetic energy in the fixed volume V' and hence can be
expressed in terms of the work-energy theorem. We therefore expect to be able
to simplify the energy equation using the equations of motion and the continuity
equation for the fluid. To achieve, this simplification, proceed as follows. First,
rewrite the derivative of the kinetic energy density as follows,

9 (1 L\ _10p , o'
at<2pv)_2 ot U TPV

Then use the equations of motion for the fluid,

0 (1 10 ) ) )
at (2 ””2) =5 g Vv (O pX 4 Br™)
=3 % v? — pvk(?k (2 1)2> + pv; X" + 0; 0T
10 1 1 . : .
L O | po*= v? ) + = 020, (pvk) + pvi Xt + O (0,78 — T O,
2 Ot 2 2
1 0 1 . ) )
=5 2 L; + 8k(pvk)] — 0O (pvk2 2) + pui X+ O (0,77 — TR O,
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The bracketed term on the right-hand side is zero by the continuity equation,
while the last term has already been evaluated in equation (3.12),

0y = —p 0 + ()\62 + ol ek"e;ﬂ) =-pO+d (4.27)

where § = V - ¥ and e;; = (0;vj + 0;v;). Thus

1 1 . ,
% <2 p02> = —0k (pv’“2 v2) + pui X'+ (0T +p ) — D (4.28)

If we now subtract (4.28) from (4.26), we get

% (pe) + 0 (pev?) =V - (kVT)—p O+ @ (4.29)

This is a simplified form of the energy equation. It is a continuity equation for
the internal energy per unit volume of the fluid. Internal energy is distributed
continuously in the fluid with density p. = pe per unit volume, and convects
with energy current-density J. = PET.

Inspection of (4.29) shows that the rate of increase of internal energy is due
to three sources, represented by the three terms on the right-hand side of the
equation representing the rate of creation of internal energy per unit volume by
three different mechanisms.

The first term represents the rate of supply of energy to the fluid by heat
conduction. The rate per unit volume at which heat flows into an infinitesimal
element of fluid at given fixed position is V - (k VT)).

The second term, —pf = —pV - U, represents the rate at which work is done
per unit volume by the surrounding fluid on a given infinitesimal fixed volume
of fluid. This is clear from the fact that

1dV
0=V . 0= -
YTV
so that

g _LlpdV _ 1dW
PP==v"a =V a

where dW = p dV is the work done by the fluid on the surroundings when its vol-
ume increases by amount dV. Thus —p dV is the work done by the surroundings

on the fluid when its volume increases by amount dV'.
The third term ®, given by

1 ) 1
D= \0? + S eFlepi = \0* + 5/1[(611)2 + (e22)? + (e33)* + (e12)? + (e23)? + (e31)?]

is positive definite and represents a rate of increase in internal energy that is
not due to the expansion of the fluid, i.e., it is not due to work being done
on the fluid. It must therefore be classified, by the definition of heat, as an
influx of heat into the fluid. However, this heat has not been conducted into
the fluid. It is an influx of heat due to processes other than conduction. When
considering the work-energy theorem, we arrived at this very same term, and
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saw that it represents the rate at which kinetic energy is removed from the fluid
because of the action of viscosity. The effect of viscosity is therefore to degrade
the kinetic energy of the fluid, which is due to organised collective motion of
the fluid particles, converting it into disorganised random thermal motions of
the constituent particles, where it shows up in the thermodynamic description
as heat. We say that the kinetic energy has been dissipated into heat.

Equation (4.29) may be further simplified as follows. The left-hand side can
be rewritten as

o

ot
— o192 4 5 (e 9% o,
—s[at—kaj(pv)}—kp[at—i—vajs]

The first bracketed term on the right-hand side is zero by the continuity equation.
So,

9 (pe) + 0; (psvj)

Oe . -
o (ond ig.
5 E—l—pat—i—a@j(pv)—i—pv 0je

o . Oe , De
—_ . J) = — I10.e| = p —
5 (pe) + 0; (pev?) = p [at + v GJE] P i
and hence equation (4.29) becomes
D
pﬁizv-(kVT)—pG—l—(I) (4.30)

This is the energy equation in its simplest form. It deals directly with the inter-
nal energy per unit mass rather than the internal energy per unit volume. The
internal energy per unit mass is a property of the fluid material and is therefore
a more natural quantity to use in an energy equation than the internal energy
per unit volume. This is reflected in the greater simplicity of equation (4.30)
when compared with (4.29). In contrast, the internal energy per unit volume is
a property not only of the fluid material, but also of the state of the material
since it involves also the volume occupied by a given mass of material.
Interestingly, equation (4.30) presents the rate of increase of internal energy
per unit mass from the point of view of a convecting element of fluid rather than
that of a fixed element of volume in space. This is to be expected. The fluid
material is convecting and the conduction properties are most simply expressed
when the heat flux is referred to the instantaneous rest frame of the material
rather than to an inertial frame relative to which the material is in motion.
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Thermodynamic Properties of the Fluid

The equation of motion for the fluid and the continuity equation together form
a set of four equations for five unknown functions: ¥ = (v!,v%,v%), p and p. The
energy equation introduces two further variables: the internal energy per unit
mass, €, and the temperature T'. We therefore now have five equations for seven
variables. Inspection of the variables, however, shows that four of the variables
are thermodynamic: p, p, €, and T'. Since the fluid we are considering has fixed
chemical composition, the fluid considered as a thermodynamic system has only
two degrees of freedom, so only two of the variables p, p, ¢, and T are indepen-
dent. The other two may be expressed in terms of them. This means that we have
in total five partial differential equations for five independent functions which,
together with suitably chosen boundary conditions, completely determines the
system. All we now therefore are two equations that express two of the thermody-
namic variables in terms of two independent ones. These equations are holonomic
in form, not differential, and are provided by the theory of thermodynamics.

Viewed as a thermodynamic system, the fundamental equation of the fluid can
be expressed in differential form as

T ds = de +p dv (4.1)

where s, € and v are respectively the entropy, internal energy and volume per unit
mass. These quantities are also sometimes called the specific entropy, internal
energy and volume, or the mass-specific entropy, internal energy and volume. It
is more convenient to work in terms of the density p of the fluid rather than its

specific volume. These are related according to,
1
== 4.2
p=- (4.2)

In terms of p, the fundamental equation becomes
de =T ds+ 2 dp (4.3)
p

According to this relation
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Properties of Inviscid Fluids

Definition of an Inviscid Fluid

In Part B, we study some general properties of inviscid fluids. An inviscid fluid
is one with no viscosity. This means that both p, the coefficient of viscosity, and
A, the coefficient of bulk viscosity are zero. The equation of motion appropriate
to an inviscid fluid is Euler’s equation.

Euler’s Equation

Derive separately for further insight? (Maybe put the derivation into an exercise.)

o . 1 "
E-l—w-Vv— ;Vp—i—g (5.1)

rewrite the advective term to get a second useful form of E’s equation

Inviscid Fluid vs. ldeal Fluid

Some authors call any fluid that obeys Euler’s equation an ideal fluid. This is not
correct. More is needed to define an ideal fluid than the simple requirement that
it obey Euler’s equation. Landau and Lifschitz (2003) define the ideal fluid as
follows: p 3, “In deriving the equations of motion we have taken no account of the
process of energy dissipation, which may occur in a moving fluid in consequence
of internal friction (viscosity) in the fluid and heat exchange between different
parts of it. ... motions of fluids in which thermal conductivity and viscosity
are unimportant ... are said to be ideal.” This statement is further amplified
on p 3 as follows: “The absence of heat exchange between different parts of
the fluid (and also, of course, between the fluid and bodies adjoining it) means
that the motion is adiabatic throughout the fluid. The motion of an ideal fluid
must necessarily be supposed adiabatic. In adiabatic motion the entropy of any
particle of fluid remains constant as the particle moves about in space.” Thus,
according to Landau and Lifschitz, an ideal fluid is defined as one that obeys
Euler’s equations, the equation of continuity, and in which the entropy of every
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fluid element remains constant; that is, the entropy per unit mass of the fluid
obeys the conservation law,

%—H’;’-VSZO

Using the continuity equation, this can also be rewritten in the form of a conti-
nuity equation for entropy,

a 77 —
5 (P8) TV - (ps7) =0

where ps is the entropy per unit volume of the fluid, and pst is the entropy flux
density.

Landau and Lifschitz (2003, p 4) add also the following comment: “The adi-
abatic equation usually takes a much simpler form. If, as usually happens, the
entropy is constant throughout the volume of the fluid at some initial instant, it
retains everywhere that same constant value at all times and for any subsequent
motion of the fluid. In this case we write the adiabatic equation simply as

s = constant

... Such a motion is said to be isentropic.” The case where s is a constant is thus
a special case of an ideal fluid.

In Part B, we explicitly assume only that the fluid obeys Euler’s equation and
the equation of continuity for mass. We make no explicit assumptions about the
thermal conductivity of the fluid, though in some of the specialised discussions
we will make further assumptions, some of which are equivalent to assuming that

the fluid is ideal.
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Bernoulli's Equation

Exact Integrals of Euler’s Equation

Euler’s equation is non-linear. The non-linearity occurs in the advection term
¥ - VU. The presence if this non-linear makes the equations of fluid dynamics
difficult to solve.

In spite of being non-linear, there are many situations in which it is possible
to obtain an ezact first integral of the equations. The first such integral was
discovered by Daniel Bernoulli in 1738 and is called Bernoulli’s equation.

Since Bernoulli published his equation, many other similar exact integrals have
been found. When deducing his equation, Bernoulli assumed that the density of
the fluid is constant, and that its flow is irrotational. Bernoulli’s equation is
therefore valid only for fluids of constant density in irrotational flow. The new
exact integrals were found by either relaxing or changing Bernoulli’s original
assumptions.

These new integrals all look very similar to Bernoulli’s. This has led to some
authors also calling all of them “Bernoulli’s equation”. This is not useful. Though
they all look similar, there are subtle differences between them. Some are exact
integrals of Euler’s equation that are valid everywhere; others are integrals along
a streamline and are valid only along that streamline. Also, the conditions under
which they are valid are different. It is better therefore not to use the same name
for them. They are best regarded as different results, with different domains of
applicability, in spite of their similar appearance.

We could consider them to be ‘generalisations’ of Bernoulli’s original equation,
but this does not help us to name them. There is more than one generalisation.

In desperation, some authors resort to referring to these integrals as “Bernoulli’s
equation for ...” and they then append the specific assumptions about the na-
ture of the flow that were made when deriving them. This might be a solution.
However, it does lead to very clumsy names.

Unfortunately, there is no “most general” form of this result from which all
others can be deduced. So, there is no unified framework for their presentation.
I this chapter, I will show you how to derive several of these integrals, how to
interpret them, and how to use them in practical calculations. When you have
seen a sufficient number of them, you should be able to work out the others for
yourself.
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One item of good news is that, in spite of there being no unifying framework,
there is nonetheless something that is common to all: they are deduced from
Euler’s equations by applying one of only two methods of integration. 1 will
explain these two methods in the following sections. The differences in the various
results arise because of the different assumptions that can be made about the
nature of the flow.

Bernoulli’s Equation

Derivation from Euler’s equation

Bernoulli’s original equation describes a fluid of constant density in steady ir-
rotational flow in a gravitational field. Translating these words in mathematical
conditions, we assume,

p = constant constant density
ov
— =0 steady flow
ot Y
Vxtv=0 irrotational flow
g=-Vo¢ gravitational field

We write Euler’s equation in the form,

%—F%V%—ﬁx(Vxﬁ):—%Vp—i—ﬁ (6.1)

which, with the above assumptions, becomes

1
5 VP =V (p> — Vo
P

or

1
V( v2+p+¢> =0
2 p
If the gradient of a function is zero, the function is independent of position. This
means that it can at most depend on time. The requirement that the flow be
steady, however, requires that all the fields in the problem, including p and ¢ be
time independent. So we get

L o P

— e 4= =C 6.2

500+ (62)
Here C is an arbitrary constant of integration. We have thus obtained an equation
relating p, p and ¥ which is valid in every region of space that is occupied by
the fluid. This result is exact. It involves no approximations. It also involves the
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fields v and p directly, and not their derivatives. It is therefore an exact integral
of Euler’s equation. This integral is called Bernoulli’s equation.

Bernoulli’s equation takes on a more familiar appearance if we multiply through
by p. Since p is a constant and C is an arbitrary constant, the product pC is
also an arbitrary constant. To avoid proliferating mathematical symbols, denote
the new constant by C also. We thus obtain,

1
ipv2+p+p¢:C (6.3)

Physical interpretation

Equation (6.3) is clearly an energy equation. The term pv?/2 is the kinetic en-
ergy per unit volume of a fluid element at the position Z where this function is
evaluated, and p¢ is the potential energy per unit volume, measured relative to

some implicitly chosen reference for the potential, of the fluid element.
AR

Bernoulli’s Theorem for Steady Flows

Euler’s equation is strongly non-linear. The most obvious non-linearity is found
in the term v - VU, but there are also others which are not immediately evident
and which arise from the equations needed to complete Euler’s equations such
as the continuity equation for mass and the equation of state for the fluid.

In spite of this non-linearity, there nevertheless exists an exact first integral
for important special cases of the motion. The existence of this integral is called
Bernoulli’s Theorem, and the equation that is provided by this theorem is called
Bernoulli’s equation.

Unfortunately, in the literature, the name Bernoulli’s Theorem does not refer
to a single result. Different authors derive a ” Bernoulli Theorem” using different
special assumptions and arrive at similar looking results that are valid for differ-
ent types of flow. Before applying any particular version of Bernoulli’s Theorem,
it is important that you check the assumptions under which the result was de-
rived before you attempt to apply it. The reason that these different results are
all called by the same name appears to be that they are derived in the same way
from Euler’s equations using essentially the same technique.

The result that we derive in this section makes the following assumptions:

e The flow is steady, that is, 00/9t = 0.
e The external force acting on the fluid is conservative, that is, f = —V¢.

Then we can write Euler’s equation in the form

v@ﬁ)—ﬁx(vw):—;vp—w (6.4)
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Now take the dot product of this equation with the fluid velocity ¥. Noting that
U-[Ux(Vx0)]=0 (6.5)

this gives
L1, 1
-V i +¢ +;v'Vp:O (6.6)

This almost gives us our result. The operator ¢ - V is the directional derivative
in the direction of ¥. It therefore measures the rate of change of the function on
which it operates in the direction of a streamline. If this derivative is zero, then
the function does not change at all along the streamline. The only term in our
result that is not a directional derivative is the last one on the left hand side.
The culprit here is the factor 1/p, which is outside of the directional derivative
of p. If, somehow, we can write this term in the same for as the others, then
we have the desired result. Different authors use different ways to accomplish
this. Some of the diversity in the results that are called ”Bernoulli’s theorem”
arises because of the way in which different authors resolve this problem. (The
remainder of the diversity arises because of the different assumptions that are
made when initially specialising the form of equations of motion of the fluid.) I
will now indicate some of the ways in which different authors proceed from here.

1. A number of authors, for example Lamb (1993), assume that the equation of
state for the fluid has the form

p = p(p) (6.7)

or, equivalently,

p=p(p) (6.8)

An equation of state of this form is said to be barotropic. Being barotropic
may be an intrinsic property of the fluid, in which case the fluid is said to
be barotropic, or it may be a property of the process undergone by the fluid
material during a given type of flow. In this case, we say that the flow is
barotropic. Examples of barotropic fluids are the degenerate gases, like the
degenerate electron gas in a white dwarf star or the degenerate neutron fluid
in a neutron star. Examples of barotropic flows are isothermal or isentropic
flows. In these cases, it is the process undergone by the fluid during the flow,
rather than the properties of the fluid material itself, that makes the equation
of state barotropic.
In this case, we can perform the indefinite integral

1
—— dp=F(p 6.9
to get a function F'(p) of p which has the property that
dF 1

Tp(p): @
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and hence
dF 1

VF(p Vp=——Vp 6.11
() =5, ) Vo= (6.11)

This means that we can write

1 dp

17~Vp—17-VFp—17-V</> 6.12
p(p) (®) p(p) (6.12)

kokokoskoskok

Now form the line integral of each side of this equation along a streamline.
This gives

A{V(;vz)ﬁx(Vxﬁ)].df/FB va,].dg' (6.13)

where I' denotes a segment of a streamline, and dl is an element of path along
it, so that d¢ = ¥ dt. This means that

X (V@) -dl =0 (6.14)
and hence the line integral becomes
1, 1 -
Vizv"+—-Vp+Ve¢|-dl=0 (6.15)
r 2 P

Now, for any function f, we have

[ v1)-ai- = [ar = r@ -G (610)
so the integrated equation becomes
1 5 1
/dfv +o —l—/fdp:O (6.17)
r L2 rp

or

[ v +¢] / dp =0 (6.18)

The second term can be expressed as

fin-[f2o]

where the integral inside the square brackets on the right hand side is no longer
a path integral, but the indefinite integral of the function 1/p with respect to
p. Since the endpoints of the chosen streamline are arbitrary, this result tells us
that the value of the function

1, 1
= - 2
5 U +d>+/pdp (6.20)
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takes the same value all along the streamline. We thus obtain Bernoulli’s theo-
rem, that along any given streamline, we have

1 1
3 v+ + / — dp = constant (6.21)
p

From Wikipedia:

okokok ok kokokk

In fluid dynamics, Bernoulli’s principle states that for an inviscid flow, an
increase in the speed of the fluid occurs simultaneously with a decrease in pres-
sure or a decrease in the fluid’s potential energy.[1][2] Bernoulli’s principle is
named after the Dutch-Swiss mathematician Daniel Bernoulli who published his
principle in his book Hydrodynamica in 1738.[3]

Bernoulli’s principle can be applied to various types of fluid flow, resulting
in what is loosely denoted as Bernoulli’s equation. In fact, there are different
forms of the Bernoulli equation for different types of flow. The simple form of
Bernoulli’s principle is valid for incompressible flows (e.g. most liquid flows)
and also for compressible flows (e.g. gases) moving at low Mach numbers. More
advanced forms may in some cases be applied to compressible flows at higher
Mach numbers (see the derivations of the Bernoulli equation).

Bernoulli’s principle can be derived from the principle of conservation of en-
ergy. This states that in a steady flow the sum of all forms of mechanical energy
in a fluid along a streamline is the same at all points on that streamline. This
requires that the sum of kinetic energy and potential energy remain constant. If
the fluid is flowing out of a reservoir the sum of all forms of energy is the same
on all streamlines because in a reservoir the energy per unit mass (the sum of
pressure and gravitational potential ? g h) is the same everywhere.[4]

Fluid particles are subject only to pressure and their own weight. If a fluid
is flowing horizontally and along a section of a streamline, where the speed
increases it can only be because the fluid on that section has moved from a
region of higher pressure to a region of lower pressure; and if its speed decreases,
it can only be because it has moved from a region of lower pressure to a region
of higher pressure. Consequently, within a fluid flowing horizontally, the highest
speed occurs where the pressure is lowest, and the lowest speed occurs where the
pressure is highest.
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As a fluid flows, each of its elements translate, rotate, and change shape. The
shape changes are due to distortions of the fluid material that include elongation,
shearing, and dilatation. Since the motion of the fluid is fully described by its
velocity field @, all information about its motions and shape changes must be en-
coded in some way in the field ¥. In this section, we examine how this information
is contained in the velocity field, and learn how to to extract it systematically.

Relative Displacement

A fluid element is a collection of fluid points. Rotation and distortion of shape
of a given fluid element are not caused by the absolute motion of its fluid points
relative to the ambient space, but by their motion relative to each other. So to
quantify rotation and distortion, we need first to quantify relative motion.

Let P be a given fluid point. Denote its position at time ¢ by Z. We regard
P as a given reference point in the fluid that moves with the fluid. Let ) be
any arbitrary fluid point adjacent to P. Denote its position at time ¢ by ¥ +
0Z. Note the abuse of notation in this statement. Unlike rectilinear systems of
coordinates, a general curvilinear system has no single well-defined universal set
of basis vectors that is used for the description of vectors everywhere. Rather, the
coordinate system defines a local basis at each point of the space. This local basis
is used to decompose vectors at that point only. A position vector, by definition,
is a vector at the origin of coordinates which extends to the point whose position
it defines. Its components are therefore those which it has in the basis defined by
the coordinate system at the origin of coordinates. These are not simply related
to the curvilinear coordinates of the point it describes. Position vectors are thus
not useful in coordinate systems that are not rectilinear. Consequently, we should
not denote positions in them by the symbol &, but by their coordinates x? or by
some other symbol that designates points in space, like P or P(x%). However, this
is inconvenient. It increases unreasonably the number of symbols that we need
to use. We get around this by agreeing to use the symbol & to abbreviate the
phrase the point P whose coordinates are x*. This is an abuse of vector notation,
but no ambiguity arises from it and so it is tolerable.

The relative displacement of ) from P at time ¢ is the vector 0Z. Its compo-
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nents in the local basis €;(Z) at P are, to correct to first order, dz*. Thus the
displacement vector 67 is given by

5% = 6z’ €,(7)

Relative Velocity

We are interested in how the relative displacement of @ from P changes with
time as these points move with the fluid. The velocity of P at time ¢ is ¥(Z, t).
So, in time ¢, P will displace by ¥(Z,t) 6t to new position

T =7+ 0(Zt)dt
The velocity of @ at time ¢, however, is not 0(Z,t), but (& + 0Z,t). It will
therefore displace by ¥(& + 0%, t) §t to position
T =T+ 6Z+ (T + 0Z,t) 0t
The relative displacement of @) from P at time ¢ 4 §t is therefore
07 = 7" — 7 =67+ [0(F + 6%, t) — 0(Z,t)] ot

To calculate this vector in component form in a general system of coordinates
z*, we need to take into account not only the way that the components v* of
the velocity field change from point to point, but also how the vectors of the
coordinate basis change. We therefore have,

(T + 07, 1) = v' (T + 67, t) & (F + 67)

ov' (f,t)é:vj+--l [é;-(f)+

= |vi(Z,t :
’U(I,)-‘raxj

Using the fact that

0¢; P e
ok (1) = TV ik(%) €5(7)
we get
S = P2\ 2 (2 ' i i (| 2 sk
'U(x—|—5!L‘,t) =v (l',t) ez(x)“r @(‘T,t)ﬁ-’l} (x,t)F]ik(x) ej(x)dx 4+ .-

= 0(Z,t) + (v 1 (%, 1) 5;1:’“) €@ +---

where we have used the standard notation for the components of the covariant
derivative,

ol - X
ok TV T ik ="

This can be expressed in coordinate-free form by noting that

(v7., 62%) &; = 6% - Vv
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is the directional derivative of ¢. Thus
V(& + 0%, t) — U(Z,t) = 6% - VU(Z,t) + - - -
and the relative displacement of @) from P at time ¢ + ¢ is given by
07 = 67 + 6% - VU(Z,t) 6t + - - -

The velocity of @ relative to P is rate of change of its relative displacement
from P. So,

d
e 0% = 62 - VU(Z, 1) (7.1)
This is the principle result of this section. Expressed in component form, it is
d . .
T Sxt = vty (2, t) da* (7.2)

The information about relative velocities of adjacent points in the fluid at posi-
tion # at time ¢ is thus encoded in the rank-two tensor v’,.

Note that the right hand side of (7.2) is a linear transformation of the infinites-
imal displacements dz*. The relative velocity of a fluid point at position & + 6%
at time ¢ is thus (correct to first order) linearly related to its displacement 6%
from the reference point .

The velocity of fluid points relative to their neighbours determines the rotation
rate of the fluid at that point, and also its strain and distortion rates. The tensor
v’ thus encodes all of these properties. We need now to determine precisely
how they are encoded, and to devise ways of extracting them from it. We begin
by considering the rate of linear strain of the fluid.

Rate of Linear of Strain

In this section, we consider the rate at which fluid points separate as the fluid
flows. In elementary physics, strain is defined as the elongation per unit length
suffered by a material on deformation. On deformation, an elastic solid reaches
static equilibrium when deformed. Strain defined in this way is therefore an useful
concept. A fluid, however, is constantly in motion. The separation between fluid
points is continually changing, so it is not useful to speak of an elongation per unit
length. A given elongation occurs over some time interval ¢¢, and the elongation
of the separation vector depends on the time interval considered. The longer the
interval 0t, the greater the elongation. To take this into account, we introduce
the concept of strain rate. The strain rate of a given separation vector dz* in the
fluid is its elongation per unit length per unit time.
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Consider two fluid points separated at time ¢ by vector z*. Denote the distance
between them at this time by d/. Then

8% = gijéxi&vj

Their rate of change of this distance can then be found by differentiating this
relation,

25l = 2 (08288529
241 7 ol 7 (9ijo0x'da7)
Note that g;;;x = 0, so
d
290 = gijev® =0

giving, correct to first order in the dx?,

261 % 5l = gij <jt M‘) 6z 4 g;;6x (jt M’)
= gij0" ;627627 + gi;0x'v! (6a + - -
= ;.02 027 + v 02 62 + - - -
= (vsyr + Vpys) 02702 4 - - -

This result shows that it is not directly the tensor v*; that determines the rate
of linear strain of fluid elements, but rather its symmetric part,

€rs = Us;r + Ur;s

We therefore call ¢;; the strain tensor for the fluid. We shall see that all other
strain rates of interest are also determined by ¢;;. This tensor therefore contains
all the information necessary for determining all strain rates and rates of defor-
mation of the fluid. The strain rate is therefore given, correct to first order in
the oz, by

1 d 1 ox" dx®

ol dt 276l ol
The vector n' = dx%/dl is the unit vector in the direction of the separation dx'.
The strain rate can thus be written as

3 %61:%emnrns+~~ (7.3)

We get the linear strain rate by taking the limit of this expression as the distance

6l between the fluid becomes infinitesimally small,

. . 1 d
Strain Rate = 61llglo ST ol

Thus the linear strain rate of the fluid is given by

1.4 1.
6111310 5 ol = 5 ErsT' M (7.4)

This result is no longer approximate, but exact. Note that the linear strain rate
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depends through ¢;; on where we are in the fluid, and at what time, as well as
on the direction n* in which we consider the rate of strain. The strain rate of the
fluid is therefore, in general, not isotropic but depends strongly on the direction
considered.

Shearing Rate

As the fluid flows, no only do the separations of the fluid points change with
time, but also their relative orientations. Changes of relative orientation give
rise to shearing effects. These too are encoded in the tensor €;;. This is seen as
follows.

Consider three adjacent fluid points, P, @ and R. Take P as the reference
point, and denote the separation vectors of Q and R respectively by §X* and
JY*. Denote the angle formed by these separation vectors at P by 8. As the fluid
flows, 0 will change. The rate of change of # determines he shearing rate. To
calculate it, note first that

5X - 8Y = Ixly cos®

where Ix = |X| and Iy = |Y| are the separation distances of Q and R from P
respectively. Differentiating with respect to time, we get

d i d d . df
p (g,»j(SX 5Y7) == (lx)lchStg-i-lX% (ly)cost — lxly sinf s

The left hand side is easily evaluated correct to first order, as before, using (7.2)
together with the fact that g;;;x = 0 to give

- (gij(SXl(SYJ) = gijUZT(SXr(SY] + gijCSXZUJS(SYS

dt
= (Vgp + Ups) 0 X OY?
= €,s0X"0Y®

The right hand side can then be evaluated, correct to first order, using (7.4). We
thus get

1 1 do
€50X0Y % = (ZX2 €rs nrns> ly cosO +lx <ly2 €rs m’“ms> cosf — lxly sinf o

where we have denoted the unit vectors in the directions of 6X and §Y by 7 and
m respectively. Thus,

1
€rsn'm’ = 5 €rs (n"n® +m"m®)cosd —sinf — (7.5)

dt

This is the general result determining df/dt for arbitrarily selected displacements
60X and Y at P. It is complicated. We can simplify it considerably if, instead of
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considering arbitrary 6X and 5}7, we agree to consider only displacements that
are mutually orthogonal. Then cosf = 0, sinf = 1, and we have

—Z—f = €sn'm’ (7.6)

Here, df/dt is the rate at which the angle between orthogonal displacements
increases as the fluid flows. So, —df/dt is the rate at which 6 decreases.

In elementary physics, the shearing strain is defined as the decrease in angle
between initially orthogonal segments of the material produced when the mate-
rial is deformed. In a fluid, the shearing of the fluid occurs throughout the flow,
so it makes sense to define the shearing strain per unit time. We may there-
fore define the rate of shearing strain as the rate of decrease of angle between
orthogonal fluid segments. This shearing strain rate is therefore given by

db
Shearing Strain Rate = —% = ersn’m?® (7.7)

This shows that the shearing strain rate information is also contained in the
strain tensor €;;.

Volumetric Strain Rate

As the fluid flows, the movement of adjacent fluid points causes the volume of a
fluid element to change. The rate of change of volume per unit volume of a given
element is its the volumetric strain rate. This strain rate is calculated as follows.

Let P be a reference point in the fluid, and let @, R and S be adjacent fluid
points separated from P by displacement vectors §X , §Y and 6Z. The volume
of the parallelepiped defined by these vectors is

8V = Qipd X0YI52F

where ;5 is the volume element in the given system of coordinates. The rate
of change of volume as the fluid flows is therefore

d d

— 6V = — (Qup0 X6Y 762"
dtéV dt( ijk0X'0Y76 )
We calculate this rate of change by noting that Q;jx., = 0, so that
d
7 Qi = Qijpyrv” =0
Thus
d d A
— 6V = Qijp— (0X'6YI62"
dth ik (6X°6Y762%)

pPPPPpP
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Convective Derivatives

Convection of Fluid Points

Consider the convection of a fluid point. As the fluid moves, the fluid point
moves (or, convects) with it. Of course, the rate at which the fluid point changes
position must be the fluid velocity at that position. So we expect that

% zt =o' (8.1)
It is instructive however to deduce this from an intuitive physical argument that
will be useful for deducing how other quantities of interest change with time as
they convect.

Suppose a given fluid point is at position z* at time ¢. Its velocity at that
instant is then #(Z,t). In time At, fluid point will convect to a new position /%
Since it is moving with the fluid, we have approximately

2" =2t N (E )AL+ - (8.2)
The change in its position is therefore
o't — 2t = 0N (E )AL+ - - (8.3)

and so the rate at which it changes position is

So, in the limit as At — 0, we have
D ) x/i _ in .
Do _ i .
Dt ¥ =AM T A T U@ (8:5)

as anticipated.

Interestingly, we can obtain the same result by yet another method. Applying
the directional derivative operator to each of the coordinates 2* of the fluid point,
we get

= 0 i i da’ i i
<U.V+at>z = "o +W:vk5k+0:v

as above. We may thus regard each of the position coordinates x* of the fluid
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point as a scalar valued function of the type f(&,t) considered previously. The
rate at which the fluid point position 2’ changes is thus obtainable from

D i (- ON i i
th<v~v+at>xv (8.6)

Convection of Fluid Curves

Consider a curve drawn in the fluid at some given time ¢. Each point of this curve
is occupied at this instant by some fluid point. Now, each of these fluid points
convects with the fluid. So, at some later time ¢t + At, each will have convected
to a new position. The entire set of fluid points thus defines a new curve at this
later time. We may regard this new curve as the original curve moved into a
new position by the motion of the fluid. In other words, we are considering the
convection of an entire curve with the fluid. We call this the convective transport
of the curve by the fluid.

For ease of visualisation, imagine the original fluid points marked with dye, so
that they are easily identifiable within the body of the fluid. The original curve
is thus a line of dye in the fluid. As the fluid convects, the line of dye moves with
it. At each time t therefore, the line of dye occupies a new position, which we
can regard as the position of the curve as it convects with the fluid.

As the curve convects, each portion of the curve will translate, turn, and
stretch. Description of the motion of the entire curve is thus complicated. One
useful way to keep track of what happens to it during convection is by track-
ing infinitesimal segments of it. In this section therefore, we will focus on an
infinitesimal segment of a curve, and follow its progress as it convects.

An infinitesimal section of a fluid curve is best described by its endpoints. We
may then regard the vector joining these endpoints as a good approximation to
the curve segment. Suppose the endpoints of a given segment occupy positions
z' and 2’ 4 dz' at time ¢. The vector dz’ may thus be taken to be the infinites-
imal segment of curve at this time. At a later time ¢t + At, the endpoints will
occupy new positions. Denote the coordinates of these by z/* and z* 4 §z'*. The
infinitesimal segment of curve may thus be represented at this time by the vector
dz'". Since each endpoint convects with the fluid, each will move in time At with
the velocity of the fluid at its position. Thus

x' =t ol (E )AL+ - (8.7)
where the dots indicate terms of order higher than 1 in At. Similarly,
o'+ 0z’ = (2 + dat) + o' (T + 67, t) At
o
Oxk
o'
k

ox

=2t 40zt + [VN(Z,t) + — (1) 6zF + - | At

=zt + 0N (T, t) At 4 6x° + —(Z,t) dxF At + - -
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so that

o'
ok

The rate of change of the infinitesimal separation vector dz* as the fluid convects

is therefore given by

6x't = 6’ + (Z,t) SxFAt + - - (8.8)

D ot — 1 oz’ — 5zt
— 0z = lim ———
Dt At—0 At
o’
li —_—
ATS0 3xk(
ot
- Oxk
This result can be expressed in a variety of other useful ways. First, note that
o'
Oxk

Z,t) 6xk + At(--)

(Z,t) 6x®

(Z,t) dzF = s’

or equivalently,
o' k = i
W(w,t) dz” = 6% - Vv
Note also that
D R

Dt
We may therefore write the above result as
D
— 6T =40
Dt
or as,
D
— 0T =062 - VU
Dt
More useful still, we note that
i .
1

D G
7‘%7‘:1)]68]‘:]31—'— i =

Dt ot
so that we can write the result in the form

D D

This last form has the advantage of showing that we can regard the infinitesimal
difference operator ¢ and the convective derivative operator D /Dt as commuting
operators.
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Flow and Circulation

Flow

definition

r:/c B(7, 1) - dI (0.1)

This yields a function of ¢. This is seen as follows. Let the curve C have equations
x' = £€4()\). Then the infinitesimal displacement dl may be written as

i = % 3
dl =dz'E; = I (A) dX E; = o (A\) dA (9.2)
so that
. h dg
T(Z(N), t) - dl = 9(Z(N),t) - a(x\) dA (9.3)
and hence
.
= /C T(Z(N),t) - %()\) d\ (9.4)

The value obtained depends on t because the fluid velocity field depends on ¢,
and so I' =T'(¢).

Rate of Change of Flow on Convecting Curves

I' is a measure of the nett flow of the fluid along the curve C. In general, we
expect I' to depend on t. To see the form of this dependence, we need to calculate
its rate of change.

As stated, this is not a well-posed problem. We have not specified what the
curve C'is doing in time. It could remain fixed in a given position in space within
the fluid, it could move through the fluid, or it could convect with the fluid in
such a way that it remains stationary relative to the fluid points. The value of I’
at time ¢ clearly depends on where the curve is at that time, so its rate of change
must depend strongly on how C moves.

A curve C in arbitrary motion through the fluid may be of interest when
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considering the action of the fluid on some object moving relative to it. However,
it is of no interest when discussing the properties of the flow. So, the only cases of
a curve that is stationary in space and of one that convects with the fluid are of
interest here. The rate of change of flow on a stationary curve yields information
on the flow through a fixed region of space. That on a convecting curve gives
information about the flow of a fixed element of fluid as it moves through space.

In this section, we are interested in the intrinsic properties of the flow. We
shall therefore consider the rate of change of flow on a curve that consists of
fluid points and which convects with the fluid. Let C' be a curve of this type.
Then

DT D -
—_—(t) = — U-dl .
Dt() Dt CU (9:5)

To evaluate the right hand side, we first calculate the rate of change of the flow
along an infinitesimal segment of the convecting curve.

Denote the positions of the end-points of the infinitesimal segment at time ¢
by z% and z% + é2°. The flow along this segment is then approximately

ST(t) ~ T(Z,1) - 6% (9.6)

The § in front of the I' indicates that this is the contribution of a small section
of the curve C' to the flow along it. As time advances, each fluid point on the
curve segment convects to a new position. The point at position z? at time ¢ will
thus be at a new position 2% at time t 4+ At, given by

o't = at 4ol (T, 1) At 4 - (9.7)

while the point at position z* + dz* at time ¢ will be at the new position z’"*
given by

" =2t 4 Sxt o (T4 6T, ) At + - - (9.8)

The segment of curve we are considering will thus be described at time ¢ + At
by the vector

oa't = 2"t — 2t = 2t Sat ol (F 40T, t) At — 2t — ' (Z,t) At
X
= 02" + [(67 - V)U' (T, )] At + - - -

All fields are now evaluated at & and ¢, so we can omit the arguments without
ambiguity so, in vector notation, we get

53 = 0% + [(0F - V)T AL + - - - (9.9)

The term (6 - V)¥ represents the amount by which the fluid velocity field ¢
changes across the curve segment dF. It is sometimes denoted by 64. However,
this notation does not display explicitly what change in ¥ is under consideration,
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so I do not use it here. The flow along this segment at time ¢ + At is therefore
given by

OT(t + At) ~ 0(F, t + At) - 67
=v; (T+U(Z,t) At + -t + At) (02' + [(6F - V)V'(T,8)] At +---)

ov;

- (&) At+-~] (82" + [(37 - V)o' (T, )] At +---)

oxk

v (Z,t) + Sk (Z,t) At +

ot
381: (f,ﬂ) At + - } (62° + [(0F - V)vi (7, )] At+---)

D’Ui

= i_’at
vi(Z,t) + Dt

(Z,1) At—i—m} (62" + [(0F - V) (&, )] At +---)

All fields are now evaluated at Z and ¢ so we can omit all arguments without
ambiguity. This result thus becomes, in vector notation,

6F(t+At)%6o55+[%~6£+6-(55-V)5}At+~~ (9.10)
Dy ., ~
=o6T'(t) + [Dt SOX 4 U (0F - V)U] At+--- (9.11)

so that the rate of change of flow on the given segment as it convects is

DU _ OT(t+ At) — 0T (t)

pr ) = dim, At (9.12)
Dv
_ DT e o 1
far 0F+ 7. (0% - V)T (9.13)

Interestingly, the second term is the convective rate of change of the infinitesimal
vector 0%,

D
We have therefore shown that
D . . (DN .. (D
Ev-dx— (Dt v> 0% + T (Dt 533) (9.15)

This fact may be used in future calculations to arrive at results more easily.
Returning to (9.13), we note that

S o 2
T- (67 V)T =01V <”2”> =07V (”2)

This term represents the change in v?/2 across the curve segment 6%. The rate

of change of flow along the given curve segment is thus
Dr Dy v?
()= = 5T 6T = 1
D (t) i 0F + 0% V<2> (9.16)

Thus the change of flow with time along an infinitesimal segment of convecting
path is driven by two effects. The first is the component of the fluid acceleration
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in the direction of the segment. The second is the gradient of v?/2 along the
segment.

This result is completely general. It makes no assumptions about the nature
of the fluid, or about the nature of the flow. It therefore applies to all fluids and
to all flows alike. In particular, it applies to both viscid and inviscid fluids, and
to barotropic and baroclinic flows.

We can now calculate the rate of change of flow along the entire convecting
curve C. Since the total flow on C' is the sum of flows on each of its infintesimal
segments, the rate of change of flow will be the sum of the rates of change on
each of its segments,

" Dt

D .
7/ U-dl =
Dt /o

N— N—
Dt C OCA: :)OA:

so that

| o

[7- di]

)

t

DN\ - _ (D 2

t
D o o 2
-dz+dz-v(“ }

S

I
ST~~~

~

Thus, finally,

DU D7 - [v27]f
Z= | Zoa+ | 1
pi ) o Dt %2} (9-17)

3

The interpretation of this result is similar to that of equation (9.16). The change
of flow in time along a convecting curve is driven by two effects. The first is
the integrated (or, nett) component of acceleration of the fluid in the direction
of the curve. This is given by the line-integral of the dot-product (D7/Dt) - d,
which is the component of D#/Dt in the direction dl scaled by the length of
dl. The second is the integrated (or, nett) component of the gradient of v?/2 in
the direction of the curve. This is given by the line-integral of the dot-product
V(v2/2) - dl, which is the component of V(v2/2) in the direction dI scaled by the
length of dl. Because V(v2/2) - dl = d(v?/2) is an exact differential, the integral
is independent of the path C' of integration and evaluates to the difference in
values of v2/2 at its end-points.

Like (9.9), result (9.17) is completely general. It makes no assumptions at all
about the nature of the fluid, or about the nature of the flow, and so applies to
all fluids, and to all flows, irrespective of their particular properties. It applies
therefore both to viscid and inviscid fluids, and to barotropic and baroclinic
flows.

In the above derivation, we have proved some general results that reduce this
(and other) calculations to the application of routine operations. The results of

N N
D . o= D L " . D " D =
v-dl lhm E U(Za,t) ~5$A] = lim E E[U(xA,t)'(Sl’A] Z/C E[U'dl]
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interest, that we collect here for covenience are, first,

D . D
Z | gdai=| Z(v-d 1
Dt Jo " /C Dt (U j (9.18)

that is, the derivative D/Dt commutes with the line integral fC. Second, the
action of D/Dt on the integrand obeys a product rule of the form

% (6-01?) - (gﬁ;) A+ (gf df) (9.19)
The strange appearance of (9.19) is due to the fact that the infinitesimal element
dl’ must also be differentiated. Ordinarily, one does not consider line integrals
along moving curves, so this term does not appear. It occurs here because, as
the curve convects, each segment dl of the curve will translate, rotate and stretch
as it convects. The rate of change of the integrand ' - dl’is thus determined not
only by the rate of change of ¥, but also by the rate of change of the segment di
as it convects. Third, we need the rate of change of dlas it cnvects

D - —
5 4= (- V)7 (9.20)

Combining these results, we get that

Dr D ;
=2 7.4
otV /C”

|
Q\b
SIS
—~
St
2
NG

We thus have

- !
DLy :/ (D”) ~dl+ {”2} (9.21)

Dt ¢ \ Dt 2|,
The change of flow in time along a convecting curve is thus driven by two effects.
The first is the integrated (or, nett) acceleration of the fluid in the direction of
the curve, given by the line-integral of the component of D¥/Dt in the direction
dl. The second is the integrated (or, nett) gradient of v2/2 in the direction of
the curve which, because it is an exact differential, evaluates to the difference in

values of v2/2 at the end-points of the curve.

Note that result (9.21) is completely general. It makes no assumptions at
all about the nature of the fluid, or about the nature of the flow. It therefore
applies to all fluids, and to all flows, irrespective of their particular properties.
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In particular, it applies both to viscid and inviscid fluids, and to barotropic and
baroclinic flows.

APPENDIX TO SECTION 9.2
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Rate of Change of Circulation

We now evaluate the derivative

D

= ¢ T-dl 22
i Cv di (9.22)

of the circulation around a closed circuit C of fluid points. The simplest and most
transparrent method for doing this is by breaking up the problem as follows.
First, replace the closed circuit C' by an open curve. We thus evaluate the rate
of change

D -
— v-dl 2
Dt /.. 0] (9.23)

on an open curve C. The case of a closed circuit is then a special case of this
more general result. Then replace the finite open curve C by an infinitesimal
one. The rate of change of the integral over a finite open curve is then a sum of
the rates of change of integrals over these infinitesimal segments.

So, consider first an infinitesimal curve consisting of fluid points, stretching
from a fluid point that at time ¢ occupies position Z to one that at the same time
t occupies position & + §&. The required integral then becomes approximately

/ 7 dl ~
C

The fluid point at position Z at time ¢ has velocity ¢(Z,t), so at a later time
t + dt it occupies position

11

(Z,t) - d& (9.24)

=/

F =+ U(F,t) 6t

=11

Similarly, the fluid point at position &+ d& at time ¢ has velocity 9(Z + d&, t), so
at a later time t + dt it occupies position

&' = (Z+ 0Z) + U(Z + 62,t) ot
or, in coordinate form,

ot
Oz

2" =2t 4 oxt & (vi(f, t) + (Z,t) 5atj) ot

The infinitesimal curve C' of fluid points, approximated by the vector & thus
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convects in time 6t into an infinitesimal curve C’, consisting of the same fluid
points, approximated by the infinitesimal vector

st =a"" — o/ =l + 2t + ' (T,t) 6t + g;j (Z,t) da7 5t — a' — v'(7,t) 6t
=z’ + g;)j (Z,t) 676t

The value of the required integral at time ¢ 4 ¢ is thus

/ T-dl ~ O(T t+ 6t) - 67

= v; (T + U(Z,t) 6t,t + t) (§x + g—v( 7, 1) (5mj(5t)
xJ
3vi 8 . avi X
—_ (7 - k3 — J
(vl(:zz,t) + D (Z,t) v/ (Z,1) 5t L(Z,t) §t> (§x + 5 (Z,t) oz 5t)
. , N1k Ov; o )
= v;(Z,t) 0" + v (7, 1) 8xi( t) dx (m t) v/ (Z,t) 6t 6"
v ; o' 5‘1) Ov; ot ‘
1o (= i 4 J 2
+8mj (Z,t) v (Z,¢t) 8xk( t) 6x* (6t)% + 5 —(&,t) 6t 6zt + — 5 (Z,1) o j( Z,t) oz’ (6t)

Since we will be dividing the difference of these two integrals by ¢ and taking
the limit 0t — 0, we can write this as

. - i o o' ov; i
/, - dl = v (Z,t) éx +vi(x,t)ax]( t) dalot + — D ( Jt) v (F,t) 6t O
811z

Thus

5t—0 ot
ovt o 0v; 5 .. Ov; .
— 1 L J LoaJ % 2 %
= d |Viggs 0T T g V0T T g 0
o vavﬂ' Lo j 81}1 + 01)1- §$i
| Y ot oxI ot

where are fields are to be evaluated at (Z,t).
ok R Rk KRR R Rk R Rk Rk

Kelvin’s Circulation Theorem
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10.1

10.2

Irrotational Flow

Definition

A flow is said to be irrotational at time t if the fluid velocity field at time ¢
satisfies the condition

Vx#=0 (10.1)

This condition is equivalent to demanding that the circulation around every
infinitesimally small closed curve C in the fluid is zero.

Note however that this condition does mot guarantee that the circulation
around every closed curve C, finite or infinitesimal, is zero. This latter con-
dition requires the circulation to be zero for a larger class of closed curves than
is guaranteed by (10.1) alone. It is therefore a stronger condition for which (10.1)
is necessary but not sufficient. Sufficient conditions for this stronger requirement
include ones of a topological nature which will be discussed with the various cases
that arise. The existence of a potential for the velocity field is closely related to
these additional conditions.

Persistence of Irrotational Flow

The irrotationality condition (10.1) is a constraint on the spatial partial deriva-
tives of the fluid velocity field and says nothing about its partial derivative with
respect to time. Since the development in time of the motion of the fluid is de-
termined by a different and independent set of equations, it makes sense to ask
whether a flow that is irrotational at one instant in time will remain irrotational
at all times. In other words, do the equations that govern fluid flow preserve
irrotationality, or do they destroy it?

This is an important question. If irrotationality is destroyed by the equations
of motion, the irrotational flow is at best a transient phenomenon that can occur
at a single instant only. It would therefore be, at best, a chance occurrence and
thus not worthy of separate study. On the other hand, if it is not destroyed by
the equations of motion, then irrotationality would be a persistent condition in
the fluid flow and would characterise an important subcategory of possible flows.

In this section we will show that
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Laplace’s equation is

Vip=0 (10.2)

Flux of an Incompressible, Irrotational Fluid

Let ¢ be a solution of Laplace’s equation. The vector field
v=-V¢ (10.3)

has a flux across any surface S that is given by

cpsz/ 17-d§:—/ Vo -dS (10.4)
S S

In fluid dynamics, ¥/ is the fluid velocity field, and ®g is equal to the total volume
of the fluid crossing the surface S per unit time.

If the surface S is closed, and encloses the volume V' then, by the divergence
theorem, the total flux of ¥ across S is given by

Py = —]{9 Vo -dS = —/ V3¢ d*% (10.5)
1%

so that, if ¢ is a solution to Laplace’s equation, the total flux of ¥ across any
closed surface S is

dg = —/ V2o d*% =0 (10.6)
1%

This result has a simple and elegant interpretation: the nett volume of fluid
exiting from the closed surface S is zero. Expressed differently, the total amount
of fluid entering the closed surface S is equal to the total amount of fluid exiting
from it. This result may be regarded as a conservation law. It states that the
total volume occupied by a given set of fluid points is constant. The result is not
unexpected. Since the fluid is incompressible, its density is constant, and so a
fixed volume of fluid has a fixed mass. This is therefore just the mass conservation
law for incompressible fluids.

Flux Tubes

Consider now the integral curves of the velocity field. Let S be any element of
surface in the fluid that lies transverse to these integral curves at each of its
points, and let C' be the closed curve that is the boundary of S. Through each
point of C there passes exactly one integral curve of the velocity field. These
integral curves do not intersect and they therefore define a ‘tube’ in the fluid. A
tube formed in this way is called a tube of flow, or a flow tube.

Consider now a second surface transverse to the flow tube defined by C. Its
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intersection with the flow tube defines a second element of surface S’ with bound-
ary C’ that generates the same flow tube. Together with the tube wall S”, the
elements S and S’ define a closed cylindrical surface ¥. By the results of the
previous section, the nett flux through X is zero. Also, the velocity field is tan-
gent to the tube wall, so nett flux through the tube wall is zero. This means that
the flux through S’ is equal and opposite in sign to that through S. If we now
choose the orientation of S’ relative to the velocity field to be the same as that
of S relative to it, we see that the flux through S’ is identical to the flux through
S. This result is true for arbitrary choices of S’, and means that we can define
unambiguously the strength o of the flux tube to be

a:/ﬁ-dS (10.7)
S

We can guarantee o to be positive if we make the convention that the orientation
of its boundary C will always be determined by the velocity field using the right-
hand rule. That is, if we point the thumb of the right-hand along the lines of ¥,
then the remaining fingers of the right hand will point in the direction assigned
to C.

It is sometimes convenient to regard the entire space occupied by the fluid
as made up of tubes of flow, where the size of each tube has been adjusted in
such a way that the flux through each tube is the same. The flux across any
surface is then proportional to the number of tubes which cross it. This picture
is sometimes refined by replacing each flux tube by a central field line within it.
The number of field lines crossing a given surface is then proportional to the flux
across the surface, and the density of this reduced set of field lines is proportional
to the strength of the velocity field.

The conservation theorem of the previous section, that the total flux through
any closed surface is zero, can now be stated by saying that as many flux tubes
as enter the surface must also leave it, or equivalently, as many field lines as
enter the surface must also leave it.

It follows from this last result that no field line can either begin or end at a
point inside the fluid. For, if they did, we would not have the same number of lines
entering a closed surface surrounding that point as are leaving it, violating the
above result. The field lines must thus either begin and end on the boundaries,
or extend to and from infinity, or else form closed loops. We shall see in a later
section that the field lines cannot form closed loops, leaving only the two former
options.
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Gauss’ Mean Value Theorem
Uniqueness Theorems for Infinite Domains

Many problems of interest involve one or more obstacles placed in the fluid
at finite positions in space and where the fluid is contained by very distant
boundary walls. The distant boundary walls have little or no effect on the flow
around the obstacles. The simplest way to solve these problems is to imagine
that the container walls are infinitely removed from the obstacles of interest. In
this idealisation, the fluid extends to infinity, but is bounded internally by one
or more closed surfaces.

All of the preceding uniqueness theorems deal with fluids that are contained
by boundary walls that are at finite distances from the obstacles. These do not
include the case of flows that extend to infinity. We must therefore develop a
new set of theorems to deal with these cases. Most of the theorems we need
can be inferred by the methods of proof used when proving the preceding set of
uniqueness theorems. One important theorem, however, cannot and requires a
new set of considerations to establish it.

Theorem: If
e ¢(Z) = C on each of the internal boundaries, where C is a given
constant (that is, ¢ takes constant value on each of the internal
boundaries, with that constant value being the same for all internal
boundaries), and
e ¢ = C as |Z| = r — oo (that is, ¢ tends everywhere to the same
constant value C' at infinite distance from the internal boundary),
then

p(f) =C
everywhere (that is, ¢ is constant everywhere with value equal to the
value that it assumes on each of its boundaries, both finite and infinite).
Proof: Suppose ¢ is not constant. Then it must either rise or fall from value C as one moves
away from the finite boundaries. It must then either fall or rise again to value C as
we move to infinity in any direction. By continuity, ¢ must thus have a maximum or

a minimum at some finite point within the region, which is impossible by a previous

result. So ¢ must be constant throughout the region occupied by the fluid.

Theorem: If

e the value of ¢ is specified in any arbitrary way on each of the internal
boundaries, and

e ¢ = C as |¥] =r — oo, where C is any given constant value (that
is, ¢ tends everywhere to the same constant value C' at infinite
distance from the internal boundary),

then the function ¢, if it exists, is uniquely determined at each point &

in the region occupied by the fluid.
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Proof: Use the same method as was used in Article 40 on p 41-42 of Lamb.

The following important theorem cannot be proved by the methods used in
the proof of the corresponding results for the case where the fluid is contained
within a finite boundary and requires new methods to be introduced:

Theorem: If
e the normal component of the fluid velocity is zero at each of the
internal boundaries, and
e the fluid is at rest at infinity,
then ¢ is everywhere constant, that is,

¢(z) =C
at each point in the region occupied by the fluid.

Proof: Cannot use the same method as was used in Article 40 on p 41-42 of Lamb. State why.
Then write out the proof on p 42-43 of Lamb.

Lamb’s Proof, (Lamb, 1932, p 42-43): “Since the velocity tends to the limit
zero at an infinite distance from the internal boundary (.S, say), it must be possible
to draw a closed surface ¥ completely enclosing S, beyond which the velocity is
everywhere less than a certain value €, which value may, by making ¥ large enough,
be made as small as we please. Now in any direction from S let us take a point P
at such a distance beyond ¥ that the solid angle which ¥ subtends at it is infinitely
small; and with P as centre let us describe two spheres, one just excluding, the other
just including S. We shall prove that the mean value of ¢ over each of these spheres
is, within an infinitely small amount, the same. For if Q, Q' be points of these spheres
on a common radius PQQ’, then if Q, Q' fall within ¥ the corresponding values of ¢
may differ by a finite amount; but since the portion of either spherical surface which
falls within ¥ is an infinitely small fraction of the whole, no finite difference in the
mean values can arise from this cause. On the other hand, when Q, Q' fall without 3,
the corresponding values of ¢ cannot differ by so much as €.QQ’, for ¢ is by definition
a superior limit to the rate of variation of ¢. Hence, the mean values of ¢ over the
two spherical surfaces must differ by less than €.QQ’. Since QQ’ is finite, whilst ¢
may by taking 3 large enough be made as small as we please, the difference of the
mean values may, by taking P sufficiently distant, be made infinitely small.

“Now we have seen in Arts. 38,39 that the mean value of ¢ over the inner sphere
is equal to its value at P, and that the mean value over the outer sphere is (since
M = 0) equal to a constant quantity C. Hence, ultimately, the value of ¢ at infinity
tends everywhere to the constant value C.

“The same result holds even if the normal velocity be not zero over the internal
boundary; for in the theorem of Art. 39 M is divided by r, which is in our case
infinite.

“It follows that if d¢/On = 0 at all points of the internal boundary, and if the fluid
be at rest at infinity, it must be everywhere at rest. For no lines of motion can begin
or end on the internal boundary. Hence such lines, if they existed, must come from
an infinite distance, traverse the region occupied by the fluid, and pass off again to
infinity; i.e. they must form infinitely long courses between places where ¢ has, with
an infinitely small amount, the same value C, which is impossible.”

My Version of Lamb’s Proof:

Denote the internal boundaries by S;,7 = 1,..., N. Since the fluid velocity tends
to zero as r — oo, the further one moves away from the boundaries S;, the smaller
the fluid velocity becomes. It is possible therefore to draw a closed surface ¥ that
completely encloses the S; and beyond which the velocity everywhere has magnitude
less than a given value e. By making ¥ sufficiently large, e can be made as small as
we please.
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Now consider a point P that lies outside the surface ¥. Choose P in any arbitrary
direction relative to the internal boundaries, and sufficiently far away from X that
the solid angle subtended by X at P is infinitesimally small. With centre P, draw
two spheres S and S’, one just excluding all of the S;, the other just including them.
We shall now prove that the average value of ¢ over these two spheres differs only
by an infinitesimal amount.

Let Q and Q' be points on these spheres on a common radius PQQ’. Depending on
the direction of this radius from P, the radius may be contained within the solid angle
subtended by ¥ at P, or it may fall outside of it. If within, the values ¢(g) and ¢(Q’)
could differ by a finite amount. However, since the portion of either spherical surface
which falls within the solid angle subtended by X is an infinitely small fraction of the
whole, no finite difference in the mean values can arise from this cause. If outside of
it, the corresponding values of ¢ will differ by less than ¢ QQ’

Theorem: If
e the normal component of the fluid velocity is arbitrarily specified at
each point of the internal boundaries, that is, if we are give the
value of

Ty = —7- V= ——

e the fluid is at rest at infinity,
then the function ¢, if it exists, is uniquely determined in the domain

occupied by the fluid.
Proof: Use the same method as was used in Article 40 on p 41-42 of Lamb.

“The theorem that, if the fluid be at rest at infinity, the motion is determinate
when the value of —9¢/dn is given over the internal boundary, follows by the same

argument as in Art. 40.”
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11.1
11.2

11.3

Boundary Layers

The boundary layer concept
Governing equations for flow in the boundary layer
Steady flow along a flat plate

Consider the flow of a viscous fluid along an infinite flat plate. Choose axes such
that the flat plate lies in the x, z plane, with the y axis perpendicular to it, and
such that the flow is in the x direction only. We are interested in this section
only in steady unidirectional flow, with flow in the direction of the x axis. We
assume also that the flow has no z dependence.

In regions distant from the plate, the flow is unaware of the presence of the
plate. The effects of viscosity are negligible and the fluid may be treated as if
it were inviscid. In the absence of applied pressure differences, it will flow with
uniform velocity g = ugt, say.

Nearer to the plate, the effects of viscosity become significant. The fluid in
contact with the plate remains at rest, and the velocity of the fluid increases
steadily as we move away from the plate until it eventually attains the value .

In the boundary layer, the governing equations for the flow become

u@+v%:l/@ (11.1)
and
Oou  Ov
o "oy
The first is the Navier-Stokes equation for the boundary layer, while the second
is the equation for mass conservation. The boundary values for this problem are

0 (11.2)

BC1. The non-slip condition: u(z,0) = 0 and v(x,0) = 0.
BC2. The asymptotic steady flow condition: u(z, 00) = ug.

In this problem, the equation of continuity is a constraint equation. We can
guarantee that it is satisfied by introducing a stream function ¢ (z, y) and setting
_ N

= = 11.
u a9y v e (11.3)
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The system parameters that specify this problem are the kinematic viscosity @
of the fluid, which features in the governing equations, and the asymptotic speed
ug, which features in the boundary conditions. The solution to the problem must
depend of the coordinates x and y, and on the system parameters v, ug. We thus
expect a solution of the form

w = ¢($,y,V,U,0)

Non-dimensionalisation of the problem

The dimensions of the four governing parameters are
[@]=l =L, [M=LT" J[u]=LT""

while that of the dependent parameter can be found from

giving

[v] = LT
It is clear that this system has only two independent dimensions, L and T.
There are therefore only two dimensionally independent governing parameters.

We shall take these to be v and ug. To de-dimensionalise x and y, we consider
the dimensional equation

L= [z] = [V]*[uo]® = (L2*T~*)(LPT~F) = L2+BT—(o+h)
which gives
1=2a+8, 0=a+p

which gives

and hence the variables

X:@x Y:Ey
v v

)

are dimensionless. Furthermore, since ¢ has the same dimensions as v, the de-
pendent variable v, written in dimensionless form, becomes

U=
v

According to Buckingham’s II-Theorem, the solution to our problem must there-
fore have the form

U =F(X,Y)
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or

Now write the governing equations in non-dimensional form. First define the
dimensionless velocities
u v

U=—, V=—
(') (N

Then the Navier-Stokes equation for the boundary layer becomes,

ug OU ug OU up\2 02U
(uo U) y 0 uozl/(—())

> ax Wt V)t o ayz U0
or
oU _oU U

which is identical in form to the original equation, but with v replaced by 1.
Similarly, the mass conservation equation becomes

ou  oU

X + Iy — 0 (11.5)
and the equations relating the velocities to the stream function become

ov ov

The boundary conditions for these equations become, after rewriting them in
terms of the dimensionless variables,

BC1. The non-slip condition: U =V =0 when Y = 0.
BC2. The asymptotic steady flow condition: U = 1 when Y = oo.

Similarity transformations of solutions

The non-dimensional version of the boundary layer equations is no easier to
solve than the original equations. The only difference between them is that v
and ug have been replaced by 1 in the equations and in the boundary conditions
respectively. However, the form of the equations to be solved for the dimensionless
variables remains unchanged. We therefore search for a similarity transformation
to simplify the equations. The solution has the form

U =F(X,Y)

The graph space of this solution is three-dimensional, with variables X, Y, ¥. We
therefore search for a scaling transformation of the form

X*=aX, Y*=8Y, U =~0

Here, the asterisk does not denote complex conjugation but a new set of variables.
The property that we demand of this transformation is that the new variables
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X Y*, U* satisfy the same differential equations an boundary conditions as are
satisfied by X, Y, U. This means that the solution function F' must be the same
for both, and so the new variables will be related by

U= F(X*,Y")
or, substituting for the new variables in terms of the old,

U= % F(aX,BY)

First, we demand that the new variables satisfy the same differential equations as
the old. Since we have eliminated the mass continuity equation by expressing the
velocity field in terms of the stream function ¥, we need consider only the Navier-
Stokes equation for the boundary layer. We thus demand that the variables
X* Y™ U* satisfy the equation

ou* L, our  9*U*
+V =—

0X* oYy*  gy*
We need to discover how the velocities U and V transform under the similarity

transformation. We demand that
ov* ov*
U= —, V'=-—
ay*’ oxX*
and so the transformation equations for U and V are,

ovr 4 0V v

U*

U=%w-"5a 5
«_0UT 4 0V gy
Vi= X+ ozaX_on

The differential equation for X*, Y*, U* thus gives
1)L 0 RIATE I (A W S ]
<B U> o OX <5U> GV 5ar (V) =7 o (37

2 2
V(UanaU)v U

or

o\ 0X oy ) p3 ay?
This coincides with the governing equation for U, V, X, Y only if
2
Bra B3
or
o=y

The mass conservation equation and the first boundary condition add no new
information. The second boundary conditions however adds a further constraint.
The new variables must satisfy boundary conditions identical to the old, so U*
must satisfy the asymptotic steady flow condition: U* = 1 when Y* = oo.
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Expressed in terms of U, V, X, Y, this means that yU/8 = 1 when Y = oo. This
coincides with the boundary condition for U if

y=45
Hence,
a=p?

The similarity transformation thus contains only one independent parameter and
the solutions to our equation have the property that

U= % F(B*X,BY) (11.7)

Reduction of the solution to a function of one variable

The scaling property (11.7) has an interesting significance. Our proof above
shows that, for each value of 3, the function

Fy(X,Y) = % F(B°X, BY)

is a solution to our governing equations with the given boundary conditions.
It would thus appear that we have uncovered an infinity of solutions to the
equations, each of which satisfies the same boundary conditions. However, this
is impossible. Our problem is well posed and so, by the uniqueness theorems of
partial differential equations, our equations can admit only one solution for the
given boundary conditions. This means that all of the functions Fj, whatever
choice we make for the value of /3, represent one and the same solution.

The consequences of this last statement are far reaching. All of the functions
Fp can coincide with the solution F'(X,Y") only if the scaling factor J cancels
from the expression F(5%2X,B8Y)/B to leave us with F(X,Y). Thus, for every
value of 3, we must have

% F(B*X,8Y) = F(X,Y)
In turn, this is possible only if the function F' does not depend on X and Y
independently, but on some combination of them in which the scaling factor 8
cancels. The solution F(X,Y) of our differential equations is thus not really a
function of two variables but only of one. We should therefore be able to replace
the governing partial differential equations of which F' is a solution by ordinary
differential equations whose independent variable is the as yet undiscovered com-
bination of X and Y.

We now search for the combination of X and Y on which F' depends. To
discover this combination, we exploit the fact that any choice of the scaling
factor 8 produces one and the same solution to the governing equations. First,
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note that if 3, 3 are any two values of the scaling parameter, we must have

l 2 _i 2 /

We will choose the value of 8’ in such a way as to reduce to 1 one of the arguments
of I on the right hand side of this relation. For definiteness, we shall choose 3’
in such a way as to reduce the first argument to 1. This means that we must
choose 3’ to satisfy

B/QX::l

or

On the left hand side, we shall choose the value of 8 to be 1. This gives
Y
F(X,Y :\/)?F<1,)
R s

The function F' on the right hand side now has the value 1 substituted for its
first argument, and so is a function of its second argument alone. It is therefore
a function of one variable only. We show this explicitly in the notation by intro-
ducing a new symbol for this function of a single variable. We define the function
f of one variable by the prescription

f(n) = F(1,n)

In terms of this notation, we get

FX,Y)=VX f (\};{)

showing that F/(X,Y") can be expressed in terms of an unknown function f of a
single variable. To solution to our governing equations may therefore be expressed
in the form

v (3

The dimensionless velocities are thus given by

and

or
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These results are more neatly expressed in terms of the variable 1, defined by

TV
Then
VX f(n)
£ ()
L
2vVX
This expresses the solution to our problem in terms of the dimensionless variables

X,Y,U,V, and ¥, and an unknown function f of a single variable.
In terms of the original dimensioned variables, n becomes

< Q@ <
Il

[nf" (n) = f ()]

Y _ uwy/v _ Juy

n:\/y_\/uozz:/u_ vz

and the solution is given
om s (52
arf(22)
oL fuor [ Juwy o fuoy\ o ( fuy
2\ =z v T v T v T

or, in terms of 7,

Y = uorvr f(n)

u=uof" (1)
v= 5/ nf ()~ £ (o)

Reduction of the governing equations

We now use the governing equations to deduce the ordinary differential equation
that is satisfied by the function f. Equation (11.4) is
ou ou 0*U

Uox TV oy ~ave

Using the results obtained above, this gives

0

£ 5 0+ 5= e -

[nf'(n) — f(n)] 5y Lf'(n)] = 72 Lf' (n)]
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or

T+ 5 ) = FL ) 5
” am\> ., . 0
=) () + 1 o
=0
which gives
Y .., 1, . 1.,
~oxarz 4 ) fT) + o5 Inf () = F()] f7(n) = < £ ()
and hence
Y

=z S ) f7 )+ Inf () = F)] S () =
—

=7
leaving, finally,

2" (n) + fn) f"(n) =0

(11.8)
This is the ordinary differential equation satisfied by the unknown function f.
The boundary conditions, expressed in terms of f, become

BC1. The non-slip condition: U = V = 0 when ¥ = 0 means that, when
n=Y/VX =0,

U=f'(n=
nd V= ! [nf' !
a 2\/)777

Hence,

f(0)=0 and f(0)=0

BC2. The asymptotic steady flow condition: U = 1 when Y = co means that
when 7 = Y/v/X = oo, we have

U=f(n=1
Hence,

f(o0) =1

Solution

There is no known analytic solution for the equation

2f"(m) + f(n)f"(n) =0
It must therefore be solved numerically.
% Complete **FH#
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12.1

Free Convection

In free convection, the cause of motion is the action of the gravitational field
on density variations in a fluid caused by changes of temperature. Cold fluid is
denser than hot fluid, and so it sinks. Similarly, hotter fluid is less dense and so
rises.

Convection in Horizontal Layers

Consider a fluid of depth d contained between two horizontal plates. The plates
are kept at different temperatures, with the temperature of each plate held con-
stant. Denote the temperature of the upper plate by Ty and that of the lower
one by Tp,. The fluid is initially at rest.

No interesting motion arises when Ty > T7,. The high temperature plate will
cause heat to be conducted into the layer of fluid immediately in contact with
it, from where it will be conducted down wards through successive layers until
it reaches the cold plate. From there, it is conducted out through the cold plate.
In this configuration, the warmer, less dense fluid resides above the colder, more
dense fluid, so the fluid layers are each in stable equilibrium, and the fluid remains
at rest.! A steady state temperature distribution will establish itself in the fluid
in which the temperature changes continuously with depth. When the steady
state has been reached, heat will be conducted through the fluid at a rate given
by

Q@ _jale—Tv

t d

If, however, the lower plate is held at a higher temperature than the upper
plate, then an interesting situation results. The hot plate at the base of the
fluid supplies heat to the layer of fluid in contact with it. If the adjacent fluid
is not able to conduct away the heat supplied to it at a rate equal to or greater
than that at which the heat is supplied, then the temperature of that layer rises
and the fluid expands. Its density will therefore drop to a value lower than that
of the fluid immediately above it. If the fluid remains in equilibrium, then the
equilibrium is no longer stable, as it was before, but unstable. In this condition,

(12.1)

1 This assumes that the fluid density does not change anomalously with temperature.
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the slightest inhomogeneity in the fluid density, or the slightest disturbance of
the fluid equilibrium, will set the fluid into motion. Once the motion has begun,
a current is established in which the hot fluid rises to the top of the fluid column,
where it is in contact with the colder plate and so it yields up its heat to it and
cools, while the cooler fluid from the top falls to the bottom plate where it is
heated and the cycle is complete. The circulatory motion that results in this
situation is commonly called Bénard convection.?

Onset of Bénard Convection

A fluid at rest in the Beénard configuration is in unstable equilibrium: heavy cold
fluid is at rest above the lighter hot fluid. If the cold fluid moves downward and
hot fluid moves up, potential energy is released which could then be available
for conversion to kinetic energy. If the fluid is viscous, some of this potential
energy may be converted into internal energy of the fluid. The instability of the
equilibrium is thus responsible for Bénard convection.

Under what conditions can we expect the flow to occur? We clearly need
Ty, > Ty, so that the heavier fluid lies above the lighter one. However, this is
not sufficient. The flow is inhibited by the action of viscosity, which is a form of
friction and thus helps to maintain the equilibrium, though unstable. The onset
of motion is also opposed by the action of thermal conductivity: heat conduction
in the fluid tends to remove heat from the lighter underlying fluid and so inhibits
its further expansion and associated fall in density. Convection only occurs when
the destabilising action of temperature difference is strong enough to overcome
the combined action of viscosity and thermal conductivity.

A good measure of when the unstable equilibrium breaks down is provided by
the Rayleigh number,

_go(Ty —Tp)d?

Ra = =~ (12.2)

where « is the coefficient of thermal expansion of the fluid, x its coefficient of
thermal conductivity, and v its kinematic viscosity. Note that the factors that
drive the convection are in the numerator, while those that oppose it appear
in the denominator. So the larger Ra, the more likely it is that convection will
occur.

In general, convection appears to occur when Ra exceeds a critical value of
about 1700. Below this,. the fluid remains at rest, above it, the convection sets
in. The resultant motion consists of rising hot currents accompanied by falling
cold currents, with the fluid moving horizontally at the top and bottom of the

2 Tritton, p 30, states that, “Historically, the name is inaccurate; Bénard’s pioneering
observations, although for long believed to relate to this configuration, were actually
mostly of another phenomenon ... that gives rise to similar effects. However, the name is so
well established that its use in this way causes no confusion.” Tritton discusses Bénard’s
original configuration in his Section 17.4.
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fluid layer, where heat exchange with the plates takes place. The system is essen-
tially an heat engine with the fluid as the working substance. Potential energy
is supplied by the heating at the bottom of the fluid and the cooling at the top.

The onset of convection is most easily detected by the increased rate of heat
transfer from the lower plate to the upper one. In the absence of convection,
the heat transfer takes place by conduction. Radiative transfer through the fluid
is generally negligible in fluids, but not in gases where it must be taken into
account. Thus if we measure the actual heat transfer rate and compare it with
what this rate ought to be if due to conduction alone, the presence of convection
raises this ratio to a value greater than 1. The ratio is called the Nusselt number,
and is given by

Nu = (Q/t)actual _ d (Q/t)actual (123)

(Q/t)conduction H(TU - TL)
A typical plot of Ra vs. Nu is shown in Figure 1 p 32 Tritton.

Convective Flux

Consider an element of fluid in a convective current. This is probably what texts
mean by a “bubble”. The element begins its upward motion at the base of the
convection layer and rises rapidly through the fluid until it disperses. During this
motion, it moves too rapidly for heat to be conducted out of it. It thus retains
all of its internal energy until it reaches the top of its convective motion and
disperses. At the top of its motion, it rams into colder stationary fluid where
it slows and disperses. It is now able to give up its heat to its surroundings by
conduction. It thus cools to ambient temperature.

Denote the temperature difference between the convecting element and its
surroundings in the dispersion layer by d7. Denote also the specific heat per
unit mass of the convecting material by cp.3 Then the total heat lost to the
surroundings by the element is

0Q = o0m ¢cp 0T (12.4)
Now, in time dét, the total amount of mass flowing into the dispersion layer is
om=p oV =pdA (v, dt) (12.5)

where v, is the average speed of the convection current immediately before ram-
ming into the dispersion layer, and J A is the cross-sectional area of the current.
Thus

3Q = p ve ¢, 0T 0A 6t (12.6)
3 We use ¢, here because, once stationary, the element is at the same pressure as the

dispersion layer. In a static star, the pressure of this layer is constant, so that the
conduction process takes place at constant pressure.
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The convective flux is the rate of heat flow per unit area into the dispersion layer,
and so is given by
0Q
Feonw = ———
O SA Ot

Note that pv. is the magnitude of the mass current-density of the convecting

=pvccp 0T (12.7)

fluid. This provides us with an alternative derivation of this result. The rate of
mass flow across a surface S is given by

dm - "
- = " 12.
= /S T - dS (12.8)

In the case of our convective current, we take the surface S to be a sphere at
the boundary of the dispersion layer. Since the convective flow is perpendicular
to this surface, and taking J to be the average convective current across it, we
have

dm
o = Jm A= pucA (12.9)

so that the rate of heat flux into the dispersion layer through the surface S is

Q = pvcA ¢, T (12.10)

and hence the flux into the dispersion layer is

Q_ puccp 6T (12.11)

F, conv —
A

as before.

To use this formula, we need to calculate first the difference of temperature
0T between the convected fluid and its surroundings in the dispersion layer, and
also the average speed of convection, v,.

The Temperature Difference 07"
The Average Speed of Convection v.:
Free Convection from a Vertical Plate

The system considered in this section consists of a semi-infinite vertical plate,
held at fixed temperature T3, surrounded by fluid, originally at temperature Ty,
where Ty < T7. The fluid next to the plate will be heated by conduction in the
boundary layer. When the temperature gradient exceeds the adiabatic gradient,
convection currents will be set up and the heat from the plate will be carried
away by these currents. The fluid that is sufficiently distant from the plate will
remain at temperature Tj.

Choose coordinates with the xz-axis vertically upwards, and origin at the base
of the plate, with z-axis running along the bottom edge of the plate. Thus the
coordinate y is measure in the direction perpendicular to the plate.

In this problem, we are interested only in the steady state that is set up after
a sufficient length of time has passed. Since the fluid is initially at temperature
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Ty and since heating can only elevate the temperature, it is convenient to work

with the temperature difference T'—Tj rather than directly with the temperature

itself. Furthermore, since the temperature of the plate is held at the fixed value

T1 and the fluid distant from the plate remains at temperature T}, the system has

a well defined fixed reference temperature difference 17 — T;. We may therefore

define a dimensionless temperature difference, denoted by ©, and given by
T T

Q=_-__"0
T — T,

This variable will therefore satisfy the boundary conditions
O=1laty=0, and © =0at y =00

Since both T7 and T; are constant, all derivatives of © will differ from the corre-
sponding derivatives of T by a constant scalar factor. If the governing equations
are linear in T, the same governing equations will hold for ©.

Assumptions and governing equations

For the purpose of this calculation, we shall accept the following simplifying
assumptions. Firstly, we assume that the flow has translational symmetry along
the z-axis. The means that no fluid parameter or variable has any z dependence.
The problem is thus essentially two dimensional.

Secondly, we adopt the Boussinesq approximation. In this approximation, we
assume that the changes of density of the fluid are so small that they may be
neglected everywhere except in the gravitational term of the equation of motion
where, though small, they drive the convective motion of the fluid. We thus
neglect the change in density in all terms where it is used to convert densities
peer unit mass into densities per unit volume, except the gravitational. In these,
we use the value pg, which is the density of the fluid at the reference temperature
Ty. Thus, we use the value pg for p in the acceleration term to relate it to the total
force per unit volume on a fluid element, in the internal energy term where we
need to convert specific heat per unit mass to specific heat per unit volume, and in
the mass conservation equation. The rationale underlying this approximation is
that the effect of the slight change of density experienced by the fluid on heating
is negligible when compared with the corresponding total quantities involved.
For example, in the energy equation, the total heat influx into a fluid element is
so huge that difference in the heat influx per unit volume calculated from pg as
opposed to that calculated from p is utterly insignificant in comparison with its
value. Similarly, in the mass conservation equation, the time rate of change of
density per unit density experience by the fluid as a result of heating is so small
that we can regard the flow as incompressible.

The Boussinesq assumptions, together with the assumption of translational
symmetry in the z-direction, allow us to write the mass conservation equation
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as

ou n ov 0

oxr Oy
and the Navier-Stokes equation, using the fact that V - ¢ = 0 and the fact that
we are interested only in the steady state, as

po¥ - VT = —Vp — pgi + uV>v

We now make some further assumptions to simplify this equation.
In the absence of the plate, the fluid would be in equilibrium at temperature
Ty in the gravitational field. Its equation of motion would therefore be

0=—Vp—poge

In general, this equation would need to be solved in conjunction with the equation
of state for the fluid to find p and p as functions of . We shall assume that the
vertical extent of the fluid is not sufficiently large to lead to any appreciable
change of density as we rise or fall in the fluid. That is, we assume that pg is
independent of x. We also assume that the fluid is homogeneous, so that pg is
also independent of y and z, and so has a constant value.

Fourthly, we assume that the convection currents that are set up in the fluid
by the hot plate are not sufficiently rapid for the static pressure profile to be
changed significantly. We thus assume that the above equation for Vp continues
to be satisfied in the convecting fluid.

Sixthly, we assume that the temperature changes that occur in the fluid as
a result of the heating are sufficiently small for the density of the fluid to be
well approximated as a linear function of the temperature change. In general, we
would have

p=pT)

For small changes in p and T, this can be written approximately as

0 0
p = p(po, To) + 50 (0, To) (0= po) + (o, To) (T~ To) -+

We have already assumed that, at constant temperature, the change in density
as p changes is negligible, so the first term on the right hand side can be omitted.
This equation thus be written as

p = po— poa(T —Tp)
where we have put pg = p(po, Tp) and

a—_L(%
o or),

is the expansivity of the fluid. In theory, & = a(p,T). In practice, « is constant
for liquids over very wide ranges of p and T. For ideal gases, « = 1/T. For our
purposes, and in the spirit of the Boussinesq approximation which neglects all
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changes due to temperature variation except in the gravitational term, we can
take o & 1/Ty. This assumes that the heat is carried away by convection currents
sufficiently rapidly for us to assume that Ty + 6T =~ Ty. The gravitational term
in the Navier-Stokes equation thus becomes

—pgi = —pogi + poga (T — Tp)i

Seventhly, we add the boundary layer approximation in which we assume that
conditions along the boundary layer in the direction of flow do not change sub-
stantially. Thus, in the viscous terms, we have

0%u < 0%u
ox? oy?

With these many assumptions, the Navier-Stokes equation becomes

po¥ - VT = =Vp — pogi + poga(T — To)i + pV>0 = pogo(T — Tp)i + pV>v
The & component of this vector equation then becomes

ou Ju 0%u
u£—|—va—yzga(T—To)—i—y8—@/2

where v = 1/pg. In terms of the dimensionless temperature difference ©, this
becomes

ou ou 0%u
u%—i—v 6—y:ga(T1—T0)@+ua—y2

The above considerations have supplied two equations for three fluid variables
u,v,0. We need one more equation for the system to be determined. The re-
maining two Navier-Stokes equations do not contain © and so are not likely to
be of any use. (However, their consistency with the above equations should nev-
ertheless be checked, which I don’t do in these notes. I simply assume that the
equations, after application of the Boussinesq approximation, are consistent.)
We therefore consider the energy equation.

The energy equation can be written in the form,

DT
pch:pV-U—i—V-(k‘VT)—I-CI)

where ¢, is the specific heat at constant volume, k the thermal conductivity
of the fluid, and ® is the dissipation function for the viscous fluid. Using the
Boussinesq assumptions, we take p = py and regard k and ¢, as constants, and
V -4 = 0. So, for a steady state, two dimensional flow, we get

oT oT
pocott | =— +v — | =kV?T + @
or oy
We now introduce our eighth and last assumption: the amount of kinetic and
potential energy lost from the fluid and converted into internal energy by viscous
dissipation in the fluid is negligible when compared with the total amount of

energy conducted into the fluid as heat in the moving layers adjacent to the hot
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plate. We thus neglect the term ® in comparison with the heat conduction term
kV2T. The equation can therefore be written as

where k = k/pgc, is the thermal diffusivity of the fluid. In terms of O, this
equation becomes

U g—i +v 88—2 = kV?0
Its form remains the same as that for T because the original was linear in T
Finally, the derivative on the right hand side may be simplified by the boundary
layer assumption that rates of change along the boundary are negligible when
compared to those in the direction perpendicular to the boundary. Noting further
that this is a two dimensional problem with no dependence on z, we get

%0 N 9’0 _0°0
ox2 oy T y?

V%o =

so that
00 L 00 0?0
U——4+V — =Kk —5
Ox Oy Oy>?
This gives, as the governing equations for this problem, the three partial dif-
ferential equations

ou Ov

— + — = 12.12
ox + oy 0 ( )
ou ou 0%u
2
00 00 0°0 (12.14)

u%—kva—y:ff 92

The boundary conditions for these equations are,

BC1. Non-slip conditions at the hot plate: u = v = 0 when y = 0.

BC2. Flow unaffected at large distances from the plate: u =v =0 at y = oc.

BC3. Conditions on the fluid temperature: © = 1 when y = 0 and © = 0 when
Y = 00.

Dimensional analysis of governing equations

The form of the mass conservation equation (12.12) allows us to look for a
solution in terms of a stream function % in terms of which the velocities can be



76

Free Convection

calculated using the relations

o o
w0 o

oy T o
We are thus searching for two solution functions ¢ and © of the governing param-
eters. The governing parameters for this problem, by inspection of the governing
equations are the independent variables x and y, and the system parameters
B8 = ga(Ty — Tp) which determines the fluid buoyancy, the kinematic viscosity
v, and the thermal diffusivity « of the fluid. We therefore expect the solution
functions of this problem to be

/(/):’L/}('r7y7ﬁ7yﬂﬁ;)7 and 62@(‘%7:1/757”7"{)
The dimensions of the governing parameters are given by
2] =l =L, [B=LT"2 []=LT"", [§]=L*T"

This is an LT system, and so there can be only two dimensionally independent
quantities among the governing parameters. We shall choose § = ga(Ty — Tp)
and v as the dimensionally independent parameters and use these to define di-
mensionless versions of the system parameters. Since v and x have the same
dimensions, it is clear that the ratio

K="

14

is dimensionless. The non-dimensional version of x,y can be found by noting
that

L=1[z]= [B]“[u}b = (L“T*QG)(L%T*M) _ [at2bp—(2a+b)
so that
l=a+2b and 0=2a+10

which solves to a = —1/3 and b = 2/3. Thus x and y have the same dimensions
as 12/3 /813 We define the dimensionless coordinates X,Y by

_ B gl = To)]?
=2 tT 2/3
_ B gl - T
=2 YT 2/3

From the equations relating u, v to v, we see that
[v] =L*T~! =[v]
so that the ratio

e ?
1%
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is dimensionless. Since O is already dimensionless, there is nothing more to con-
sider. By Buckingham’s II-theorem, we expect the solutions of the governing
equations to have the form

U= F(X,Y, K)
0 =G(X,Y,K)

We can calculate the velocities u and v from 1 according to

_w_ 20

K2 oy  pAov
“Toy "oy

oy _ BOY _ a1/30T
oy~ oy

() ay

(vB)
Since the derivative on the right hand side is dimensionless, the factor (v3)'/3
must have the dimensions of velocity. We can thus define the dimensionless ve-
locities U and V to be,

U= @B)"*u=[vga(Ty - To)] " *u
V= (Vﬁ)fl/gv = [vga(Ty — TO)]*l/gv

which, according to the derivation above, are related to ¥ according to

ov ov
U:aT and V:—aiX

We now find the dimensionless form of the governing equations. Since the
derivative in each term of the mass conservation equation has the same dimen-
sions, the equation can be brought into dimensionless form by multiplication
with a single common factor. So it becomes

o
oxX = oYy
The z-component of the Navier-Stokes equation becomes
. 0 3..0X 0 3., 0Y
/377 9 1/37711 9% /3y, 9 1/3;119%
VB S0 VY G+ )Y ) U
0 oY\’
=56+ v gl Pl ()
But
ox oy _pe
oxr Oy v2/3
SO
Vs oU ou B3 92U
2738 _ 1/3
w8 7 (U ax TV ay) =80+ v B T
or
2
gy W O

0X oYy Y2



Free Convection

Finally, the energy equation becomes

00 0X 00 9Y 920 2
1/3y7r YV YA 1/3y, ¥ Y2 Y M [ Y2
BV 5% 50 YWY Gy T B2 ( )

and hence, using the definition K = k/nu, we get

The governing equations, in dimensionless form, are thus

ou oV

ou ou 0?U
00 00 9?0

In dimensionless form, the boundary conditions for these equations are,

BC1. Non-slip conditions at the hot plate: U =V =0 when Y = 0.

BC2. Flow unaffected at large distances from the plate: U =V =0 at Y = cc.

BC3. Conditions on the fluid temperature: © = 1 when Y = 0 and © = 0 when
Y = 0.

Scaling transformation

We now look for a scaling transformation of the dimensionless variables X, Y, ¥, ©
that leave the governing equations and the boundary condition unchanged. Sup-
pose

X*=aX, Y*=8Y, U'=~0 O*=)0
Now,
_or 0¥ _ v
oY B Y B

*

and
P 7A B0 ) A
Vi = oxX*  a 0X av

so if we demand that equation (12.16) holds for the scaled variables, we have

o™ o 920"
v U g U
ax- T gy t oy

U*
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which gives

v 02U
33 9Y'2

72 oU ou
Ba

and hence

oUu oU  fo a 0*U
U——=4+V —="—FF 20+— —
ax TV ay T 2 O 5 ave
This equation does not coincide with that satisfied by the unscaled variables
unless we have

Ba «
— A=1and — =1
72 B
that is,
a=~0 and A= %
Furthermore, demanding that equation (12.17) holds for the scaled variables
gives
00* 00* o?e*
* * — K
VotV o TR v
so that
D (90, 08N A oe
af 0X oy ) T p2oy?

This equation coincides with that satisfied by the unscaled variables only if

py=a

which coincides with one of the equations previously obtained.

We must now consider the boundary conditions for the scaled variables. By
inspection of these conditions, we see that the only boundary condition that
changes on account of the scaling is that for © when Y = 0. If we demand that

©* =1 when Y =0

this is equivalent to demanding

1
GZX when Y =0

which coincides with the boundary condition for © only if A = 1. We thus have
three conditions on the four parameters «, 3, v, A, leaving us with a one param-
eter family of scaling transformations. These are determined by the relations

a=943 and =g
leading to the transformations

X*=p'X, Y*=p8Y, U'=p50 ©"=0
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For each value of 3, the variables X* Y* U* ©* satisfy the governing equations
with the stated boundary conditions. Since the solution to these equations is
unique, we must have

U = F(X*"Y" K)
0" =G X", Y*, K)
and hence

V= 55 F('X. Y. K)
0 = G(f'X, BY. K)
Since the solution to the governing equations with the given boundary conditions
are unique, this means that we must have for all values of g3
F(X.Y,K) = 55 F(3'X,3Y. K)
G(X,Y,K) = G(5'X, BY, K)

This means that X and Y do not appear in these functions independently, but
in such a combination that the parameter 8 cancels from the combination. We
shall now discover that combination. Choose the value of £ in such a way that
the first argument in each function becomes 1. That is, choose S such that

X =1
‘We then have

Y
_ v3/4
F(X,Y,K)=X PKLXUWK)

Y
G(X,Y,K) - G <1, W,K)
Define the functions f and g by
f(U,K) = F<1’77’K)
g, K) =G (1,n,K)

The dimensionless solution can therefore be written in the form

Y
_ y3/4

Y

where f and g are unknown functions, still to be determined, of the single variable
n=7Y/X'* and of one parameter K.
Expressed in terms of the original dimensioned variables, we have

Y Jgam -T)1V oy
ToXx/4 T V2 rl/4

n
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and hence
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13.1

Reynolds’ Number

Consider a fluid that is incompressible, subject to no body forces, and moves
under steady imposed conditions. The equations for such a fluid are

V.5=0 (13.1)

] 1
% + v Vi = - Vp +vV3i (13.2)

Dimensionless Equations

Physics deals with variables that have physical dimensions. On the other hand,
mathematics deals only with pure numbers. Physical dimensions are irrelevant to
mathematics. Indeed, substitution of dimensioned quantities into mathematical
functions results in outputs that contain, in general, mixtures of dimensions and
are therefore physically absurd. The remedy for this is the removal of all physical
dimensions before substitution into mathematical formulae. This is accomplished
by defining a new variable that has no dimensions obtained by dividing the
dimensioned variable by a standard reference constant with the same dimensions.
This, in effect, means that we are measuring the dimensioned variable in units
of the reference constant.

To convert the equations of fluid flow to dimensionless form, we need to identify
natural scales for the problem considered from which all other scales of interest
in the problem can be constructed. This takes some skill, as well as a thorough
understanding of the physics of the problem considered.

A fluid system described by equations (13.1) and (13.2) above may have bound-
ary conditions imposed on it that define in a natural way a length scale for the
flow. Denote the length scale for the problem by L. The problem will also involve
some typical fluid speeds that define a velocity scale. Denote a typical speed for
the fluid of the system by U.

The choice of a particular value of L and of U is arbitrary. Our only require-
ment is that they reflect typical scales for the problem considered. L and U are
therefore nothing more than typical measures of the size of the apparatus con-
taining the fluid or of obstacles in the path of the fluid, and of the rate at which
the fluid flows.

Note that we do not introduce density, pressure, or time scales. The reasons
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are as follows. Since the fluid is incompressible, the fluid has a constant density.
The density therefore is a property of the fluid itself, and not a characteristic of
the flow. There is therefore no density scale needed.

As regards the pressure, pressure differences in the fluid are determined by the
flow. The are therefore not independent of the velocity field. We could begin with
a pressure difference scale rather than a velocity scale. We would then determine
the velocity scale from it. This approach would not change the conclusions. I
would only change the form terms of which they are expressed.

Lastly, no time scale is introduced. We have restricted ourselves to considering
flows that take place under steady imposed conditions. This does not mean that
the flow will be steady. Unsteadiness can arise spontaneously in a fluid flow. But
even when it does, it does not provide a time scale for the flow. The rapidity
of the fluctuations is related to the length and velocity scales for the problem.
Only if the imposed external conditions vary with a typical timescale will there
be an independent time scale in the problem. The following analysis does not
cover this case.

We now use the natural scales L and U to define dimensionless variables as
follows. The most obvious dimensionless variables to define are

1 (O
Y= YST
The quantity L/U clearly defines a characteristic time for the flow. It is the time
taken for the fluid to travel the characteristic length L. This enables us to define
a dimensionless time by
ot Ut
UL
To define a dimensionless pressure, first consider the units of pressure. They are
N kg.m.s™2
m? m?2

To introduce the velocity U, note that these units can be written in the form

These are the units of density multiplied by those of velocity. Since the density
of the fluid considered is constant, we can define a characteristic pressure 7 by
setting

7 = pU?
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14.1

14.2

Lagrangian Formulation

Alternative Formulation of Fluid Theory

historical

Fluid Trajectories

The Lagrangian description is based on the concept of fluid trajectories. The
fluid continuum is imagined to be made up of a set of points, called the fluid
points, that move through space in a manner governed by the fluid equations of
motion. Consider the configuration of the fluid at a chosen reference time ¢ = 0.
At this time, the fluid points each occupy a position @. As time advances, the
fluid point originally at position @ will occupy a new position at each time ¢. So,
each fluid point has a trajectory through space. Since the trajectory depends on
which point we are considering, we can express it in the form

x' = 2'(d,t) (14.1)

The initial position @ of each particle can thus be used as a permanent ‘marker’,
or intrinsic or Lagrangian of comoving coordinate, to identify each fluid point.

Eulerian and Lagrangian descriptions of the fluid differ in which coordinates
that are regarded as the independent variables of the theory. In the Eulerian
description, the present position Z of the fluid points are regarded as the inde-
pendent variables. For this description, the Lagrangian coordinates @ are elim-
inated in favour of ¥ and all quantities are then expressed in terms of these as
the independent variables. In the Lagrangian description, we regard the a@ as the
independent variables, and treat the ¥ as dependent variables that are to be
eliminated in favour of the @. The difference between Eulerian and Lagrangian
theories therefore is not dynamical, but kinematical. The dynamical equations
used in both are the same. The form of the kinematical description of the fluid
flow, however, is different.

In the Lagrangian description, the velocity of the fluid particle is obtained by
the standard Newtonian prescription: we differentiate the fluid point trajectory
with respect to time. The parameters @ are held constant in this differentiation,
since we are interested in the velocity of a single fluid point. We will denote the
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velocity obtained in this way by 2. Thus,
i _ oxt
ot

z
This is the Lagrangian velocity field. The fluid velocity is given as a function of

(@,t) = i'(d,t) (14.2)

the Lagrangian coordinates @ at each time ¢. Similarly, the fluid-point accelera-
tion is given in the Lagrangian description by

B R
- 0t?

This too is given as a function of the Lagrangian coordinates @ at each time t.

.

(@,t) = #(a,t) (14.3)

The partial derivatives of z¢(a@,t) with respect to the a® also have a physi-
cal meaning and importance that will become evident is later sections. For the
moment, note that, by definition, we must have

2%(a@,0) = a’ (14.4)
Differentiating this expression, we get

ox’
Oa®

Since the a® and t are independent variables, it makes no difference if we first

(@,0) = &

@

(14.5)

find the partial derivatives with respect to the a® and then evaluate these at
t = 0, of if we first evaluate the functions z%(@,t) at ¢t = 0, and then form the
partial derivatives. Thus

@)

There is no ambiguity therefore when using the above notation.

9 [ ite o = si
= 9a [2'(a@,0)] =&, (14.6)

t=0

Relation to the Eulerian Description

The Lagrangian velocity field #(d,t) is easily related to the Eulerian velocity
field ¥(Z,t). In a continuum, each fluid point retains its identity. The trajectories
of distinct fluid points cannot cross, nor can they break up into one or more
branches at any time. There is therefore a one-to-one correspondence between
the fluid points at any time ¢ and ant the initial time ¢ = 0. This means that,
for fixed t, the equations

zt = 2'(ad,t) (14.7)

can be solved uniquely for the a® in terms of the 2?. The time t plays the role
of a parameter in this inversion. We thus have

a® = a®(Z,t) (14.8)
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By definition of inversion of equations, substitution of one into the other must
yield an identity in the independent variables. Thus,

xt = 24 (a@(@,t),t) (14.9)
are identities in & and ¢, while
a® = a“(Z(a,t),t) (14.10)

are identities in @ and ¢.
To obtain the Eulerian velocity field from the Lagrangian one, we use the
inverted equations to eliminate the @ in favour of the Z. This gives,
Ozt

#(d(Z,t),t) = o (@(Z,t),t) = v'(Z,t) (14.11)

We will always distinguish Eulerian and Lagrangian velocity fields by writing
the former as ¥(#,t) and the latter as #(d,t). Both fields describe the same

physical fluid parameter. They differ only in the variables that they regard as

independent.

This procedure can be reversed. We can obtain the Lagrangian velocity field
from the Eulerian as follows. Given ¥(Z,t), we have identically,

oxt

ot

The functions x%(a@,t) are therefore those solutions of the partial differential
equations

(@,1) = o' (Z(@,1), 1) (14.12)

ozt ;

; = vi(Z,1) (14.13)
that satisfy the initial conditions

z'(@,0) = a’ (14.14)

Once these solutions are obtained, they can be differentiated partially with re-
spect to t to obtain the Lagrangian velocity field.



Appendix A Glossary of Terms

Adiabatic Flow: A flow is said to be adiabatic if there is no heat exchanged
between its different parts. Since, in general, the different elements of the
fluid will be at different temperatures, an adiabatic flow will in general
only be possible if the thermal conductivity of the fluid is zero.

Since dissipation of energy can be regarded as equivalent to the in-
ternal generation of heat, some authors like Landau and Lifschitz, p 3,
insist also on the flow also being non-dissipative. However, this does not
appear to be necessary. Adiabatic can thus be taken to mean that there
is no heat flow into or out of any given fluid element. If so, then the
internal dissipation will increase the temperature of each fluid element,
but the fact that the conductivity of the fluid is zero means that this
cannot give rise to heat exchanges between the different parts of the
fluid.

Baroclinic Flow: A baroclinic flow is one in which the surfaces of constant
pressure intersect those of constant density. See Barotropic Flow for a
detailed discussion. (Tritton, 1977, p 140-1.)

Barotropic Flow: A flow is said to be barotropic if the surfaces of constant
pressure coincide with those of constant density (Shore, 1992, p 67-68).
Flows in which this condition is not met are called baroclinic (Shore,
1992, p 87-89). This classification arises because certain equations (like
the vorticity equation) contain terms with factor Vp x Vp. One way of
simplifying their solution is by assuming that

VpxVp=20

This is the barotropic condition. Its physical interpretation is as follows.
Vp is a vector field normal to the constant density surfaces, also called
the level-surfaces for the density. Similarly, Vp is a vector field normal
to the surfaces of constant pressure. The barotropic condition means
that these two normal fields have the same direction at all points. It
can only be satisfied, therefore, if and only if the corresponding surfaces
coincide everywhere. Violation of this condition means that, in general,
the surfaces intersect.

A simple consequence of the barotropic condition is that both pressure
and density are constant on the same surfaces at each time t. If we
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think of this common set of surfaces as a one parameter family, then the
corresponding values of p and p constitute different parameterisations of
one and the same one-parameter family. We may therefore regard p as
a reparameterisation of the p-surfaces, or p as a reparameterisation of
the p-surfaces. If this reparameterisation is the same for all time, then
there is a relation of the form p = p(p) or p = p(p) between p and
p in this flow. If the reparameterisation is different for different times,
then this relationship becomes p = p(p,t) or p = p(p,t). This explains
Yih’s definition of a barotropic flow. He says that it is one for which a
relationship of the form F(p,p,t) = 0 holds (Yih, p 61). In other words,
p is a function of p alone (or, more generally, of p and ¢ only). (Yih, p
63.)

The terms barotropic and baroclinic are descriptions of types of flows,
and are not properties of fluids, in spite of the fact that some books speak
of barotropic or baroclinic fluids. As flows, they are mutually exclusive.
The general flow is baroclinic. A barotropic flow is a very special case
and represents a “thin set” in the set of all possible flows. A barotropic
flow is one in which the surfaces of constant pressure coincide with those
of constant density. A baroclinic flow is one in which the surfaces of
constant pressure intersect those of constant density. So, every flow that
is not barotropic is baroclinic. (Tritton, 1977, p 140-1.)

The Greek word baros means heaviness, weight or pressure. Trope
means turn or convert, but is sometimes used in science to refer to
power-law dependence. Conjecture: since in many applications it is as-
sumed that the density-pressure relation is of the formp = p?, barotropic
would mean that density is given by a pressure power-law. Kline means
angle, so baroclinic means that the constant pressure surfaces are in-
clined to those of constant density.

Eckman Number: Tassoul (2000), p 30: The Eckman number is a dimension-

less number that measures the relative importance of the viscous force
to the Coriolis force. It is defined to be the ratio
eV WU/ v

Ek = — =
19 x QU QL2

Homogeneous: Homogeneous means independent of position. Thus a solid or

a fluid is said to be homogeneous if its density is the same at all points
inside it. That is, its density p is independent of where you are inside
the body. Similarly, any physical quantity or property is said to be ho-
mogeneous if its values at any given time do not depend the position in
space where they are measured. For example, an homogeneous stress is
one where the stress has the same value at all points of space.

Ideal Fluid, of Perfect Fluid: Some authors define an ideal fluid, also called

a perfect fluid, to be one which obeys Euler’s equations and the equation
of continuity. However, this definition is incomplete. This is analogous to
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defining an ideal gas as one that obeys the ideal gas equation - this leaves
the heat equation of the gas unspecified and admits very many different
types of ideal gas. Similarly here. The requirement that the fluid obeys
Euler’s equation and the equation of continuity is incomplete, and leaves
open many possibilities.

For Lamb (1945) does not appear to offer an explicit definition of an
ideal fluid. The term seems to appear for the first time on p 17, where
he refers to a perfect fluid. Implicitly, he assumes that a perfect fluid is
one that obeys Euler’s equation. He seems to require no further defining
conditions.

Landau and Lifschitz (2003) define the ideal fluid as follows: p 3, “In
deriving the equations of motion we have taken no account of the process
of energy dissipation, which may occur in a moving fluid in consequence
of internal friction (viscosity) in the fluid and heat exchange between
different parts of it. ... motions of fluids in which thermal conductivity
and viscosity are unimportant ... are said to be ideal.” Euler’s equation
explicitly excludes fluid viscosity. However, it says nothing about the
conduction of heat through the fluid. It is therefore not correct to state
that an ideal fluid is one that obeys Euler’s equation. We need to add
also the condition that the heat conductivity of the fluid is zero. This
last condition can be restated as follows: Landau and Lifschitz, p 3, “The
absence of heat exchange between different parts of the fluid (and also,
of course, between the fluid and bodies adjoining it) means that the
motion is adiabatic throughout the fluid. The motion of an ideal fluid
must necessarily be supposed adiabatic. In adiabatic motion the entropy
of any particle of fluid remains constant as the particle moves about in
space.”

According to the Landau and Lifschitz, therefore, an ideal fluid is one
that obeys Euler’s equations, the equation of continuity, and in which
the entropy of every fluid element remains constant during the flow, that
is, the entropy per unit mass of the fluid is conserved. This last condition
can be expressed in terms of a conservation law for entropy (Landau and
Lifschitz, p 4),

s
E‘FU-VS—O

Using the continuity equation, this can also be rewritten in the form of
a continuity equation for entropy,

a 7)) —
5 (95) + Y+ (ps) = 0

where ps is the entropy per unit volume of the fluid, and pst is the
entropy flux density.

Landau and Lifschitz (2003), p 4, “The adiabatic equation usually
takes a much simpler form. If, as usually happens, the entropy is constant
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throughout the volume of the fluid at some initial instant, it retains
everywhere that same constant value at all times and for any subsequent
motion of the fluid. In this case we write the adiabatic equation simply
as

s = constant

... Such a motion is said to be isentropic.

Incompressible Flow, Incompressible Fluid: A fluid, or a flow, is said to

be incompressible if the volume of every infinitesimal element of the fluid
remains constant as the element convects. Incompressibility thus means
that the velocity field as the property

V-7=0

Note that this does not mean necessarily that the density p of the fluid
is a constant. The equation of continuity becomes, for incompressible
fluids,

dp dp
0= o +7-Vp= o
which means that the density of each given element of fluid remains
constant as it convects. The densities of different fluid elements however
need not be the same. The fluid may be “lumpy” or inhomogeneous in
constitution, in which case its lumpiness persists in incompressible flow,
with the density of each of its parts remaining fixed as they convect.
The case of homogeneous incompressible fluids, or flows, is important.
The fluid is said to be homogeneous if its density at any given time
is constant. This means that p is independent of position, &, so that
Vp = 0. If the fluid, or flow, is both homogeneous and incompressible
then we have Vp =0 and V-7 = 0, so that V- (pt' = 0. In this case, the
continuity equation yields

dp

o 0

and so p is a constant.

Inviscid Fluid: A fluid with no viscosity. For a gas, inviscid means means that

both viscosity and volume viscosity are zero. (Yih, p 60.)

Irrotational Flow: “A flow in which the fluid does not rotate at every point

in space is called “irrotational” or “potential” flow. In general, there is
no potential flow in nature, but many flow regions can be considered
irrotational in an approximate way.” (Lugt, 1983, p 18.) That is, a flow
is said to be irrotational flow in some domain D if V x ¥ = 0 everywhere
in D. If D is simply connected, ¥ can be written in terms of a potential
¢, U = —V¢. Hence the synonym “potential flow”. If D is not simply
connected, there is no global potential, but local potentials exist that can
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be used to express the flow, with potential transformation laws relating
the local potentials in regions of overlap.

Incompressible Flow: An incompressible flow is a flow with the property that
V - ¢ = 0. This means that the density of any fluid element remains
constant as it moves. It does not mean that the density of the fluid is
constant. Constant density is a stronger condition, and is a special case
of incompressible flow.

Isotropic: Isotropic means independent of direction. This term is used to de-
scribe quantities

Isentropic Flows: Landau and Lifschitz (2003), p 4: An isentropic flow is one
in which the entropy of the fluid is constant throughout its volume at
each instant of time,

s = constant

In such a flow, there are clearly no dissipative processes. This means
that the effects of viscosity in the fluid are negligible or absent, and that
the fluid admits negligible or no heat conduction. Landau and Lifschitz
take these conditions as the definition of an ideal fluid. (See above for
a definition of an ideal fluid.) Only and ideal fluid, therefore, can admit
an isentropic flow. Note, however, not every flow admitted by an ideal
fluid need be isentropic. Isentropic is a special case of ideal fluid flow.
(See above definition and discussion of an ideal fluid.)

Mechanical Equilibrium: A fluid is said to be in mechanical equilibrium if it
exhibits no macroscopic motions. This means that the velocity field is
zero everywhere and at all times,

Mechanical equilibrium does not mean that the fluid is in thermal or
chemical equilibrium. It is possible for the mechanical equilibrium to be
stable without it being in equilibrium with respect to the other thermo-
dynamic variables.

Perfect Fluid. See ideal fluid.

Potential (or, Irrotational) Flow: Landau and Lifschitz (2003), p 14: “A
flow for which curly = 0 in all space is called a potential flow or ir-
rotational flow, as opposed to a rotational flow, in which the curl of the
velocity is not everywhere zero.” Some authors require only that V' = 0
in some smaller domain in which the flow takes place. Note however that
the presence of a solid boundary requires special care when the flow is
treated as potential flow. See the very illuminating discussion in Landau
and Lifschitz (2003), p 14-16.

Some authors (Lamb, p 17, 1945) restrict the term “potential flow”
to those special irrotational flows that possess a single, global potential
function. Thus, for Lamb, a potential flow is one whose velocity field can
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be written in the form
v=-Vo¢

This is not guaranteed in general by the irrotational condition only,

except in the special case when the domain is simply connected. Lamb

calls irrotational flows which admit only local potentials, but not a global

potential, flows with cyclic velocity potentials flows (p 17, footnote *).
See also entry for Irrotational Flow.

Rossby Number: Tassoul (2000), p 30: The Rossby number is a dimensionless

number that measures the relative importance of the advective term to
the Coriolis force. It is defined to be the ratio

RO: ‘ﬁﬂ: = VUQ/L = E
| x QU QL

Steady Flow: A flow is steady if all associated dependent variables, such as ve-

locity, acceleration, density, temperature, and pressure, are independent
of time at any fixed point (Yih, 1977, p 5). Thus, velocity, acceleration,
density, pressure, and temperature, etc., all have partial derivative with
respect to t equal to zero.

Streamlines: Landau and Lifschitz, p 8, define streamlines are curves whose

tangent at any point gives the direction of the velocity at that point.
The equations defining streamlines are

dx dy dz

v (Z, 1) vy (T,t)  v.(T,t)

Note that t plays the role of a fixed parameter in this definition. There
is therefore a family of streamlines at each instant in time. In general,
the curves do not coincide from instant to instant, but the flow pattern
changes.

This definition is weaker than it need be. It defines the streamlines
as unparameterised curves. It is thus only their direction at a point that
is important. Landau and Lifschitz, accordingly, parameterise them by
their arc-length when they need to work with them.

A stronger definition requires the streamlines to be curves whose tan-
gent at any point is the velocity of the fluid at that point at any given
time. According to this definition, the equations for the streamlines are

dxr N
o v (Z, t)
dy .
o vy (%, 1)
dz .
o v (Z,t)

These are ODEs for a family of parameterised curves, whose tangents
are the velocity vectors for the flow. Again, ¢ is a fixed parameter in these
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equations and is not involved in the integration, so we get a family of
curves for each time ¢. This definition makes the streamlines the integral
curves of the velocity field at time ¢.

If the flow is steady (see above), the velocity field does not depend
on time, and so the streamlines will not change with time. Furthermore,
the streamlines also coincide with the paths of the fluid points.

If the flow is not steady, the streamlines do not coincide with the
paths of the fluid points. Then the tangents to the streamlines give the
directions of the velocity of the fluid points at the various points in space
at a fixed time, whereas the tangents to the paths give the directions
of the velocities of given fluid particles at various times (Landau and
Lifschitz, 2003), p 8).

Steady Flow: By steady flow, we mean a flow in which the velocity of the flow
is constant in time at any point occupied by the fluid. That is, ¥ = ¥(Z)
is a function of position alone, and does not depend on time, so that

ot
(Landau and Lifschitz, 2003, p 8.)

Thermal Equilibrium: Landau and Lifschitz, p 7, appear to say that a fluid
is in thermal equilibrium when the temperature of the fluid is constant.
Presumably, this means no thermal flows. If the conductivity of the fluid
is zero, however, this also results in no thermal flows. Is this classified
as a thermal equilibrium? Perhaps, there is no real fluid in which the
thermal conductivity is zero, so this case may be of academic interest
only and should be excluded from the definition of thermal equilibrium.
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Appendix A Stress

A.l

Definition of Stress

When a force is applied to the surface of an object, it is not usually applied
at a single point only, but over an entire area of the boundary surface. This
situation arises in particular when the force is applied to our object by contact
with another object. The contact does not ordinarily occur at a single point, but
over an entire area. Force applied in this way are said to be distributed.

Elementary mechanics does not deal with distributed force. There, all forces
are assumed to be applied at a single point. To deal with distributed forces, we
need to introduce new concepts. In particular, we need to consider the concept
of stress.

Let an object have surface S, and let Z be any point on its surface. Let 4.5 be
a small segment of its surface about the point Z. If a distributed force is applied
to the object, the applied force will be distributed over some finite portion of its
surface area. In particular, some of the applied force will be due to contact with
the segment 6.5 of the surface. Denote the total force applied through 65 by §F.
We define the average stress at T over the area §.5 to be

iav = %
In general, the applied force will be unevenly distributed over the surface of
the object. The value obtained for the average stress at Z will then depend on
both the shape and size of the segment §.5 the surface chosen for measuring the
average stress at . This means that the average stress is not a suitable quantity
for describing the way that the force is distributed over the surface S.
We eliminate the dependence of the average stress on the shape and size of
the element considered by considering its limiting value as the size of the surface
element is reduced to zero. We thus define the stress 3 at the point & to be

(A1)

. SF
Y = lim

55—0 68 (A-2)

The concept of stress enables us to model the effect of distributed forces on an
object. The modelling procedure consists of choosing, or predicting from deeper
principles, the function $(Z) at each surface point # on the surface. The force
acting on any arbitrarily chosen surface element §.5 of the surface is then given
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by
6F =% 6S (A.3)
and the total force acting on the object is given by the surface integral

ﬁ:fiw (A.4)
S

Internal Stress

In continuous media, each portion of the medium is in direct contact with the
material surrounding it. We expect this contact to give rise to a force on the por-
tion of material considered. Furthermore, since this force arises from contact, we
also expect it to be distributed over the surface of contact. The correct descrip-
tion of this force will therefore be in terms of stress. Unlike the case previously
considered, where the force was applied to the object by contact with an external
agent, the force applied to the elements of a continuous medium is by contact
with the surrounding medium. In this sense, the stress considered is an ‘internal
matter’ that does not involve any outside agent. We refer to stresses that arise
in this way as internal stresses. Stresses arising by contact with external agents
are sometimes called external stresses or, more commonly, boundary stresses.

The concept of internal stress is more complicated than that of boundary
stress. In the case of boundary stresses, the surface over which the distributed
force is applied is well defined. In the case of internal stress, there are no naturally
defined surfaces to consider. Any surface introduced for consideration is a mental
construct. Accordingly, the mathematical description of internal stresses is more
complicated that that needed for boundary stresses.

Let & be a point in the interior of the continuous medium, and II a segment
of a plane through Z with area S. The plane segment has two sides: a “top” side
and a “bottom”. We will distinguish the top side by means of an unit normal
7 as follows: attach the vector n by its tail to the point Z. Its tip then points
away from the plane. The side of the plane on which the vector n is found will be
considered as the “top side” of the plane. We build this definition of a ‘top-side’
of the plane segment into its mathematical description by means of the wvector
area, or the oriented area, defined by

68 =n 68 (A.5)

The direction 7 of this oriented area in space is called the attitude of the plane
segment. Essentially, the attitude of a plane segment is the direction in space in
which its top-side faces.

Consider now the force exerted by the material above the top-side of the plane
segment on the material below it. Denote it by §F. This idea may seem somewhat
abstract. It may be thought of more concretely as follows. Imagine that we
remove the material above the plane segment. The material previously above
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the plane segment exerted forces on the material that remains by intermolecular
bonding. Now that the upper material has has been removed, those bonding
forces are now absent, and there is an imbalance of forces on the remaining
material pulling it away from the plane segment. If we do not apply forces to the
remaining material, it will collapse. The total force that we need to apply over
the plane segment to stop this collapse is S§F.

Note that §F is not in general necessarily perpendicular to the plane segment.
It could, in principle, act at any angle to it. In the case of an isotropic medium,
there is nothing to distinguish one direction above another, so the intermolecular
forces are expected to be the same in all directions. The nett force exerted by
the material above the plane segment on that below is then expected to have a
resultant in the direction perpendicular to the segment. However, it the material
is not isotropic, as is the case in a crystalline solid, the is no reason to expect
the resultant force to be perpendicular to the segment. It could be directed at
any angle to the normal.

With this concept of the force exerted by the material above the plane segment
on that below it, we can now define the concept of an internal stress. The stress
in the material at & for a surface of attitude n is defined to be

= . OF

= o, FEl (4.6)
Note that this concept of stress is a little more abstract than that previously
defined. In the case of boundary stress, the element of surface at & is defined by
the physical boundary of the material. For internal stress, on the other hand,
we must introduce artificially an element of surface with a given attitude. Since
this attitude could have been chosen in an infinite number of ways, we have
potentially an infinite number of actual stresses embodied into the notion of
internal stress.

The Stress Tensor

Consider now a finite plane segment of area S and with attitude 7 at position Z
in a continuous medium. Denote by F' the force exerted by the material above
the plane segment on that below it. In general, we expect F to depend on the
attitude n of the pane segment, as well as on its surface area S and its position
# in the medium. This means that F must be a function of the vector area S of
the segment, and of its position &,

F=F(z,5) (A7)
We now examine the dependence of F on the variables $* = Sn' for given
attitude n'. Expanding the functions F*(£S) in a Taylor series about the values
St =0, we get
oF! .1 9%Fi

iz O\ _ mi(z [ 20) 87 4= 7.0) SISk + ...
F'(Z,S) F(m,O)—i—amj (Z,0) S —|—2 axjaxk(x,O)SS + (A.8)
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Since n' are the components of a given non-zero vector, S = 0 means that we
have put S = 0. This corresponds to a plane segment of zero area. Since the
force F is finite, and is distributed over a finite area S, the total force acting on
a segment of zero area must be zero. Thus, F*(Z, 6) = 0. Further, the derivatives
in the expansion are all evaluated at S=0, so they can depend at most on the
position Z. Denote them by,

Do OF L PF
Then F* becomes,
. o . . 1 . .
F'(7,8) = o'j(5)57 + 5 ol i (2)SIS* - (A.10)

The stress at & on the plane segment of attitude 7 is then given by
4 i
iz 7 — 1
@m =l
ol (Z)S7 + % o (F)SISk + -

= i S
— 1 i (A I 4= St (B nink 4 ...
él—% (aj(x)n —i—QSaJk(x)nn—I- )

or,
ST, 7) = o (T) n (A.11)

This means that the stress on any surface of attitude n at position Z of the
medium is completely determined by the nine fields o*;(Z). These fields are
the components of the stress tensor for the material. To model the internal
stresses in a continuous medium, therefore, we need to specify or calculate the
functions ¢*;(Z). These functions together contain all information about the
internal stresses of the material medium.

It is often convenient to work with a contravariant description of the stress
rather than a mixed tensor. We then write the stress tensor as ¢ rather than
as o';, and the formula for the stress is then accordingly changed to

YU(Z, 1) = o (%) n; (A.12)

Isotropic Stress

We say that the internal stress in a continuous medium is isotropic if the stress
tensor has the special form,

o' 5(F) = A(@) & (A.13)

where 6% is the Kronecker delta, and A(Z) is a function. This definition requires a
substantial amount of theory for its justification which will not be covered here.
Essentially, in the context of the stress tensor, isotropy means that the stress in
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the material at each point & is the same for all possible attitudes 7 of the surface
used to measure it.

An immediate consequence of this definition is that the force exerted by the
material above a surface element 65 on that below it is given by

SF' =o' (&) 657 = A(¥) 65657 = A\(Z) 65" (A.14)
or
§F = \(T) 65 (A.15)

Thus, if the stress is isotropic, the force exerted on the material below the element
of surface by that above it is always perpendicular to the surface element, and
its magnitude is the same for all possible orientations of the surface element at
Z.

Conversely, if the force is always perpendicular to the surface element, and its

magnitude is independent of the attitude of the element at Z, then

— —

OF = X&) 6S (A.16)
or
SF' = \(?) 6;65” (A.17)
so that
o' (%) = \(@) 5; (A.18)

and the stress is isotropic.

Force Exerted on an Element of Continuous Medium by
Contact with the Surrounding Material

Consider a finite element of fluid with volume V' and boundary surface S. This
element is in contact with the surrounding fluid at each point of its surface. It
thus experiences a force due to this contact. We now calculate this force.

Consider a small segment 65 of the boundary surface of this element. We are
interested in the force exerted by the surrounding fluid on the element, so we
choose the normal 7. to the surface to point outwards at each of its points. The
force exerted by the surrounding material on the element through segment 65 is
then

SF' =0 68, (A.19)
The total force exerted on the element is therefore

Fi = ]{ o' ds; (A.20)
S
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We can transform this surface integral into a volume integral by means of the
divergence theorem. This gives,

; Oc¥
F' = . A.21
/V v (A21)

Abbreviating the derivative /927 bt the symbol 9;, this becomes,
F'= / 90 dv (A.22)
1%

The divergence of the stress tensor, Bjaij is clearly a force density per unit
volume,

fi=0;0" (A.23)

It is not difficult to interpret this force density. Suppose we make the element
of material infinitesimally small so that its volume is §V. Then the integral is
approximately the sum over a single volume element and gives,

Fi= / 9,07 dV = 9,07 §V (A.24)
v
Thus
s force exerted on an infinitesimal element of material
oY = A2
9j0% oV { by contact at its surface with the surrounding fluid (A.25)

This result can also be demonstrated more naively as follows.

5% Najve proof *HF#*

At first sight, it may seem strange that the force exerted on the finite element
of volume V' by contact with the surrounding fluid can be calculated by an
integral that extends through the entire volume of the element. After all, there
is no direct contact between the interior of the element and the surrounding
fluid. On reflection, however, this result is not difficult to understand. Divide the
volume of the fluid element into a large number of infinitesimal volume elements.
Then, each of these elements experiences a force due to its contact with those
infinitesimal elements contiguous with it. The volume integral calculates the
resultant of all these forces. If two infinitesimal elements of volume are in direct
contact with each other, the force exerted by one on the other is equal and
opposite to that exerted by the other on the first. When summing the forces,
therefore, these action and reaction pairs will cancel each other. Thus all of the
forces due to the contact of infinitesimal elements within the volume V with
each other will sum to zero, leaving only those forces due to contact with the
surrounding fluid at the boundary surface S. The sum of all of the forces acting
on all of the infinitesimal volume elements must thus equal the sum of all of the
forces exerted on the boundary S of the finite volume element.
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Hydrostatic Pressure

According to the definition given above, stress is regarded as a tensile force: the
material above the surface exerts a force that pulls on the material below the
surface. In many cases of interest, the stress is not tensile but compressive: the
force exerted by the material above the surface pushes on the material below it.
Whether one chooses to regard the contact force as pulling or pushing on the
material below the surface is a convention. The convention we have chosen to
use in the above definition is the one that regards stress as a tensile force on the
element considered.

Compressive stresses are called pressures. To obtain a description of compres-
sive stress, all we need do is reverse the sign of the stress as defined above. This
leads to the concept of a pressure tensor. The pressure tensor is thus the negative
of the stress tensor,

P = 5" (A.26)

It is customary to use the concept of pressure in situations in which the stress
is everywhere compressive. This is the case in all fluids, whether gaseous of
liquid. In the case of a gas, the stress is always compressive due to the continual
bombardment of the element by the surrounding gas molecules. Stresses in a gas
can therefore never be tensile. In the case of a liquid, the situation is slightly
different. In a liquid, the molecules are bonded, but the bonds are tenuous and
weak. So, unlike solids, liquids do not have the ability to sustain substantial
tensile stresses. In fact, even an extremely small tensile stress applied to a liquid
will cause the tenuous bonds to break, with the result that the liquid cavitates.
The liquid literally tears apart, leaving a void that is free from the liquid. So, to
good approximation, we can regard the stresses in a fluid always as compressive
rather than tensile. This makes it more convenient (though not essential) to use
a pressure tensor rather than a stress tensor when discussing fluids.

Pascal identified three laws of fluid pressure that apply to fluids at rest in an
uniform gravitational field. These are,

1. The pressure at a point in a fluid is the same for all orientations of the
surface on which it is measured, and the force exerted on the surface is always
perpendicular to it.

2. The pressure in a fluid is the same at all points at the same horizontal level.

3. The pressure in a fluid increases with depth.

The first law tells us that the stress tensor in a fluid is isotropic. Writing the
stress tensor in terms of compressive stress rather than tensile stress, this means
that it is given by

o' (%) = P(7) (5; (A.27)

The second law tells us that the function P(Z depends only on one variable,
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the depth. If we choose coordinates with the z-axis vertically up, the this law is
expressed by writing

P =P() (A.28)

The last law tells us that P(z) is a monotonically decreasing function of z. In
these coordinates, therefore, the internal stress of the fluid is given by

o'; = P(z) 5;- (A.29)

Symmetry of the Stress Tensor

The stress tensor T% is symmetric. This follows from the dynamics that governs
the rotational motion of the fluid. Consider a given fixed volume V' in space with
boundary surface S. Denote the total angular momentum about the origin of
coordinates of the fluid occupying V' by L. We can calculate L by considering
the angular momentum SL of a small quantity of fluid in V' which occupies an
element of volume §V. Then,

SL=Fx =7 x (0m ¥) = & x (p?) 6V (A.30)

The total angular momentum of the fluid within V' is therefore

-

i :/V 7 x (pF) dV (A.31)

or, in index notation,
L :/ pz—:ijkxjvk dVv (A.32)
1%

The integrand represents the density of angular momentum of the fluid about
the origin of coordinates. Note that we are treating the fluid as a collection of
fluid particles. L is obtained by adding together the angular momenta possessed
by these particles by virtue of their motion about the origin. Thus L is the total
orbital angular momentum of the fluid. It does not include any form of intrinsic
angular momentum possesses by the fluid particles.

In time, the total angular momentum of the fluid in V' can be expected to
change. These changes are produced by the action of torques on the fluid in V.
These torques are produced by the action of two kinds of forces, the force field
f acting on each element of fluid in V', and the surface stresses exerted by the
surrounding fluid on the fluid in V' at the surface S. We now calculate the total
torque due to each of these two different kind of action.

The force 6F exerted by the force field f on an element of fluid of mass dm is
given by

SF'=6m fi=pft oV (A.33)
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The torque about the origin produced by this force is therefore
omiy = ea; §Fy = pe'a; fy, 6V (A.34)

Hence the total torque exerted by the force field f on the fluid in V is given by
T = / pedka; fr. dV (A.35)
1%

The force §F exerted by the adjacent fluid of the fluid in volume V over a
small element 05 of the boundary surface S is given by

§F'=0"n; 68 (A.36)

where 7 is the unit outward normal to the element of surface 6S. The torque
about the origin produced by this force is therefore

57l = &_ijkl,j 6F, = 8ijkxjgk7_nr 58 (A.37)

Hence the total torque exerted on the fluid in V' by its contact with the sur-
rounding fluid is given by

Th = fs e9%z00"n, dS (A.38)
This can be reexpressed as a volume integral using the divergence theorem,
- /V O (7 2,0,7) AV (A.39)
The total torque acting on the fluid in V' is therefore
=1l 1= /v [pe %2 fio + 0r (752 j03,7)] AV (A.40)

The effect of the action of a torque on the fluid in V' is to increase its angular
momentum at a rate given by

Tt = dst (A.41)
We thus have
/ (%2 fio + 0r (Y52 j03,7)] AV = %/ pedy vy, dV (A.42)
v v

We now use the equations of motion to evaluate the time derivative on right
hand side of this equation,

— petx vy dV:/ — (pe%xvg) dV
dt v J v 8t ( J )

D
= hy;— dv
/v e (pur)
We have already shown from the equations of motion for the fluid that
D

Di (pvk) = 0,0"" + pfF (A.43)
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so that

d

%/ peijkxjvk dV = Eijkxj (Orok” + pfi)dV
v

(EijkxjarokT + psijkxjfk) dv

[0, (€7 2047 — %(0pz5)on” + peFa; fi] AV

I
——

[6T (Eijkscjakr) — Eijkérjak’“ + paijkxjfk} dv

= /v [ar (gijkxjakr) — aijkakj + peijkxjfk] dV
where we have used the fact that, in Cartesian coordinates, g;; = d;;, and hence
0rjor" = 0k;. So, finally,
— [ peiifpuy dV = / (0, (€7 2;04") — e owj + pe'T¥a; fi,] AV
Inserting this into (A.42) gives

/ [pe*x; fi + Or (e aj047)] AV
v

= / [& (Eijkxjgkr) - 5ijk0'k;j + peijkxjfk] dV
1%

or

/ eay; dV =0 (A.44)

1%
Since this result is true for arbitrarily selected volumes V,
0=c"%ay; (A.45)
This gives
0= Sirsgijko'kj = 5£§0kj =O0prs — Ogpr

or

Ors = Ogr (A46)

showing that o;; is symmetric.

The basic assumption that has produced this result is contained in equation
(A.42), namely, that L is the total angular momentum of the fluid. Since L is
the total orbital angular momentum of the fluid elements about the origin of
coordinates, we have assumed implicitly that the fluid elements each have zero
intrinsic angular momentum. In a fluid in which this is not the case, we would
need to add into the total angular momentum a term representing the total
intrinsic angular momentum of the fluid. This would then change this result by
giving the stress tensor 0;; a non-zero antisymmetric part.
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B.1 Infinitesimal Displacement of a Fluid

Consider a fluid in motion. Each of its points will change its position with time.
We are interested in the motion of its points in an infinitesimal time interval
ot. Denote the position of a of a given fluid point at time ¢ by Z. Its velocity
at that instant is therefore ¥(#,t). In time 0¢, it will move to a new position
Z+ (&, t) ot. Consider now an adjacent fluid point which at time ¢ is at position
Z+dZ. Tts velocity is therefore ¥(£+d&, t). In time ¢, it will move to new position
Z+dZ+ V(& + dZ,t) ot. This is displayed in Figure B.1. The displacement of the

V(X+dxX,t) 5t __o
X+ df.

dx dx'

%

Xe
Ay
V(X,1) ¢
Figure B.1 Displacement of fluid points in time Jt.

second fluid point from the first at time ¢ is given by & + d¥ — ¥ = dZ. At time
t + dt, however, its displacement relative to the first has changed to
ov

d¥ = [T + di + (T + 62, t) 6t] — [& + U(F,t) 0t] = dF + W(f, t) dz® ot
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Conservation Laws

In this chapter, we review the classical theory of currents and densities. We
then use this theory to establish the continuity equation for conserved and for
non-conserved quantities, and interpret the results physically. Lastly, we apply
the theory to the description of conservation of mass in the fluid continuum. In
later chapters, we also apply the theory developed here to the description of the
conservation of energy, momentum, and angular momentum in fluids.

Fluid Element

An essential concept in the theory of fluids is that of a fluid element. A fluid
element is a given fixed set of points in the fluid continuum which we isolate
mentally from the surrounding fluid, and whose motion we track as the fluid
moves. The fluid element is the theoretician’s equivalent of injecting dye into a
fluid in order to track the motion of the fluid.

For ease of visualisation, imagine that at time ¢ = 0 we paint red all of the
fluid points within a selected volume in order to distinguish them visibly from
the remaining points of the fluid continuum. The selected volume may be finite
or infinitesimal. If finite, we speak of a finite fluid element; and if infinitesimal, of
an infinitesimal fluid element. The volume occupied by the marked fluid points is
of no consequence: in general, it will change continuously as the motion unfolds.
Only the marked fluid points are of consequence. Together, these constitute the
entity whose progress we wish to track.

It is not difficult to ‘paint the fluid points red’. In a Lagrangian description of
the motion, each fluid point is assigned a set of coordinates a® which identify it
thereafter for all time. The position at time ¢ of the fluid point whose Lagrangian
coordinates are a® is given by equations of the form

xt = x'(d,t)

To distinguish, or ‘paint red’, a fluid element, we identify the domain D C R3
in the Lagrangian coordinate space occupied by these fluid points. We therefore
distinguish the fluid element by specifying a simply-connected set D of points.
If our fluid element has a boundary, we choose D to be closed set; if we want to
consider an element without its boundary, we choose D to be an open set.
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It is important to understand that, in this model, the fluid points are not real
physical particles, nor is the fluid element a collection of real physical particles.
Rather, the fluid element is a collection of an infinite number of mathematical
points that we use to model the motion of a finite collection of real physical
particles. The success of the fluid model depends on how closely we succeed in
making the fluid element imitate the motion of the real physical particles.

Mass in the Fluid Model

The fluid points are mathematical points. They have no mass associated with
them. Nor can any mass be associated with them. Suppose we use a fluid element
to model the motion of a given set of physical fluid particles. The number of
physical particles contained in a finite volume is finite. Therefore, their total
mass is finite. The number of mathematical points in a fluid element is infinite.
If we attempt to divide out a finite mass between them, each fluid point must
necessarily be assigned a zero mass. Conversely, if we attempt to attribute a
finite mass to each fluid point, the total mass of all the fluid points that make
up a fluid element will be infinite. Mass therefore cannot be attributed to the
fluid points.

To obtain a description of mass in a continuum theory, we need to introduce
the concept of a mass density. The density field is defined in such a way that,
integrated at time ¢ over the volume occupied by any a fluid element, we obtain
the total mass of all the physical particles contained at time ¢ in volume of the
element. Put differently, mass is a property of a fluid element, not of the fluid
points that make up that element, and the total mass of the element is obtained
by integration of the density over its volume.

In principle, we may think of the mass-density function as follows. At time
t, construct a small volume dV around the space point . The volume 6V will
contain real physical particles with total mass dm. Form the quotient

om
b
This is the average density at position Z at time ¢ for the given volume element.
As the volume §V is made smaller, the value of this quotient will change and
will begin to approach a limiting value. If the volume is made smaller still, the
value of quotient will eventually begin to change discontinuously as the number
of physical particles that it contains becomes smaller, and eventually either fall
to zero value if V' contains no physical particles, or diverge to infinity in the rare
event that a physical particle is actually found at position #. We thus assign to
the density p at & at time t the limiting value that the quotient at first appears
to approach.
An alternative way to think about this is as follows. At position ¥ at time ¢,
select an element of volume, say of spherical shape, that is small compared to
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the dimensions of the domain occupied by the fluid, but large compared to the
typical distance between the real physical particles. Determine the total mass of
the particles contained in this volume, and divide this mass by §V. Take this as
the value of the density p(Z,t) at position & at time ¢. Repeat this procedure for
all other points T at time t using a volume element of identical size and shape
at each point in space. This procedure is called coarse-graining.

Of course, both of the procedures described above are impractical. We cannot
repeat a procedure for an infinite number of space positions. At best, we can
repeat it for a finite number of positions at one time, and then interpolate. In the
end, therefore, any choice of density function to describe the mass distribution
of the fluid is an assumption of the theory, and must be regarded as part of the
modelling procedure.

In summary, mass is described in the fluid model by a density function p(Z, ).
An important part of the modelling procedure establishing differential equations
that will determine how p evolves in time, and also choosing a function that
correctly models the distribution of mass in the fluid at the initial time ¢ = 0.

Densities and Current-densities

All that has been said in the previous section about the description of mass can be
repeated for every other extensive property of the fluid, like momentum, energy,
angular momentum, internal energy, entropy, etc. No extensive parameter can be
attributed individually to the fluid points, but must be regarded as properties of
fluid elements of finite size. All extensive parameters must therefore be described
by density functions that evolve in time from some appropriately chosen initial
density function according to some suitable partial differential equation. The
density of any extensive parameter can be conceptualised as indicated above as
some ‘coarse-graining’ procedure, and the value of the extensive for any selected
finite element of fluid is calculated by integration of the density over the volume
of the fluid element.

Suppose now that the density of some extensive parameter at a given point in
space changes with time. A change in its density can occur only if the total value
of the extensive for a given volume of space around that point has changed. Such
a change can take place by only one of two mechanisms:

1. By fluxing, that is, by the flow of that extensive into, or out of, the given
element of volume, or

2. By creation (or destruction) of the extensive within the given element of
volume.

The rate at which an extensive property passes through a surface, real or imag-
ined, in the fluid is called the current of that extensive. The rate per unit area
at which the extensive property passes through the surface is called the current-
density of that extensive. Furthermore, if the extensive is generated or depleted
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at any point in space, the sites at which the creation or depletion occur are called
sources and sinks respectively. The presence of currents and of sources and sinks
in the fluid determine how the density of the given extensive property evolves
in time. To model the fluid, we need to determine equations for how each of the
extensive densities of the fluid evolve with time.

Current Density

Flux is described in the fluid model by the concept of current density. Consider an
arbitrary element of volume in space within the continuously distributed fluxing
substance. Denote the volume by V', and the boundary surface that encloses
this volume by S. Consider the flow of some extensive property across a small
element of this closed surface. Denote the surface area of the element by AS
and its normal vector in the outward direction by 7 (Figure C.1). The element

=

Figure C.1 Flux through an element of surface ds.

of area must be chosen sufficiently small for us to be able to approximate the
velocity of the extensive over that surface element by a single value ¥. Then in a
brief time At, the extensive initially at the surface will move in the direction of
v by amount UvAt, sweeping out a small skew cylinder in space. The total value
of the extensive in this small cylinder is the extensive that crosses the element
AS in time At. If the density of the extensive is p, then the total amount of the
extensive that has flowed across AS in time At is

p %X volume of cylinder = p X base area x perpendicular height
=pXAS X7 -UAt
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Thus the total amount of the extensive flowing out of the volume V per unit
time through the element of surface AS is

p il AS

and the total amount of the extensive flowing out of the volume V' per unit time

jlé pn-vdS
s

The quantities 77 and d.S are properties of the infinitesimal surface element con-
sidered. We combine them into a single vector

dS =7 dS

1S

called the vector area of the element. Thus dS is a vector in the outward normal
direction of the bounding surface of V' with magnitude equal to the area dS of the
surface element. The quantities p and ¥ are properties of the flowing extensive.
We combine them into a single quantity

J= pU
called the current density of the extensive. Thus the total amount of extensive
flowing out of the volume V' per unit time is

ffﬁ
S

We can express this as a volume integral via the Gauss divergence theorem,
}{ f~d§':/ V- Jdv
s %

The Conservation Equation

Consider now a case in which the extensive property of interest is conserved.
By conserved we mean that the substance can neither be created nor destroyed.
According to CM, mass and charge can neither be created nor destroyed, and
so are conserved quantities. In this case, there are neither sources nor sinks for
the substance, so the only way that its density can change is by fluxing through
the boundary of a given volume element. Now, the total amount of substance
contained in V at any time ¢ is given by

o = [ pav

The rate at which this amount increases with time is therefore

Q. d
To=5 [ pav

dp
= 2 av
/v ot
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The rate at which substance is eziting the volume V is given by

/vjdv
1%

Since the substance is conserved, we must have

rate of increase of substance in V = —rate of fluxing of substance out of V

/ @dvz—/ V-JdV
v ot v

Since this result is true for arbitrary volume elements V', we obtain

or

STV T=0 (C.1)

Equation (C.1) is called the continuity equation for the conserved substance
whose density is p. It expresses the conservation of the quantity whose density
is measured by p. But that is not all. A quantity can be conserved by a spon-
taneous decrease of its concentration on earth accompanied by a simultaneous
spontaneous increase of its concentration on the Andromeda galaxy in such a
way that its total amount in the universe is constant. This would be conserva-
tion by mystic transference, or paranormal channelling, and would require trans-
port of substance from one location to another without passage of the substance
through the intervening space. Equation (C.1) forbids this kind of conserva-
tion. It requires any substance that exits the given volume to do so by passing
through its bounding surface. It thus requires a mediating flow that carries the
transferred quantity from its point of origin to its final destination, continuously
and contiguously through the intervening space. Thus equation (C.1) describes
continuous transference across adjacent portions of space. Hence its name, the
equation of continuity.

Because (C.1) expresses not only the process of continuous transfer but also
the conservation of the substance concerned, it is also sometimes called the con-
servation equation.

General Continuity Equation

Some processes permit creation (or destruction) of substance. Thus heat may be
generated at sources within the given volume or withdrawn at sinks. Similarly
for entropy. The analysis of the previous section may be modified to take such
processes into account. Denote by ¢ the nett rate of generation of substance per
unit volume. Then

rate of increase of substance in V =

— rate of fluxing of substance out of V 4+ rate of creation of material in V'
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or

/%dV:—/ v-fdv+/ o dV
y Ot v v

Since this result is true for arbitrary volume elements V', we obtain

ap -
E‘FV'J—O' (C.2)

Equation (C.2) is the continuity equation for non-conservative flows. It expresses
the process of continuous and contiguous transfer of substance through space
together with the process of creation (or destruction) at continuously distributed
sources (or sinks).



